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Discrete Transition Systems (Recall)

Given the following transition system S

system S

variables v € T

initially init(v)

events ~
evti = Gi(v) — v:=fi(V)

@ v denotes the vector of variables vy, ..., v,.
@ init(v) is the initialisation.
@ Gj(V) is the guard of event evt,.

@ evij is said to be enabled in some state s if Gi(V) holds in s.

v := f;(V) is the action of event evt;.
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Executions and Traces (of States)

" ap aj as as
Executions a =8y — 81 — So — S3 — ...
Traces

o = 80,51,582,83,...

T (S) denotes the set of all traces of system S.

”
Example
system Counter events
variables c € Z

inc = c#5—c:=c+1
initially c = 0 dec = ¢>3—c:=c—1
acounter = (0),(1),(2),(3),
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The Language of Temporal Logic

Temporal Formulas

Temporal formulas to be interpreted over traces.

@ A (basic) state formula Q(V) is any first-order logic formula,
eg.0<c, ~(c=0)Ac<2,Yym-m#0=m<ec.

@ The basic formulas can be extended by combining
the Boolean operators (—, A, V, =) with temporal operators:
e [1: always
e {: eventually
@ /: until

@ Example of extended formulas:

ce0..5
°u <6 ec<2uUc=2
e Oc
- e J(c<2yc=2)
e c=2
e (Oce0..5 A ($c=2)

e Odc=2
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The Language of Temporal Logic

Length and Suffixes of Traces

Leto : s,, 51, ... be any non-empty trace.

@ The length of o denoted by /(o).
e Finitetrace o : sp,...,8¢: I(c) = k+ 1.
e Infinite trace: /(o) = oc.

@ For 0 < k < (o), k-suffix of o is defined as

k
o) = s, sk, ..
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The Language of Temporal Logic

Interpretation

o E ¢ means that a trace o satisfies formula ¢

@ For state formula ¢, o F ¢ if all only if s satisfies ¢.

@ Boolean operators are interpreted in the natural way, e.qg.
ocE @1 Ngo ifandonlyif ok ¢y and o E ¢o.

@ Temporal operators are interpreted as follows.
cEDO ifandonly if Vk-0<k < I(c),c®E¢
cEOP ifandonlyif 3k-0<k <I(0), 0 E¢

cE¢1U¢2 ifandonlyif k-0 < k < /(o) such that
oW Egpand
Vi-0<i<k,ol)E ¢y
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The Language of Temporal Logic

Interpretation

Intuition

For the simple cases, when ¢, ¢1, ¢ are state predicates.
o satisfies J¢ if and only if all states in o satisfy ¢
o satisfies ¢ ¢ if and only if some states in o satisfy ¢

o satisfies o1 U/ 9o ifand only if some state s satisfies ¢» and
all the states until s
(excluding si) satisfy ¢»

ocounter : (0),(1),(2),(3),(4),(5),(4),(3),(4),(5),...

ocounter F JC€0..5

@ gcounter F C<2UY C=2
Ocounter F 0C <6

@ goounter 7 (<2 Y Cc=2)

OCounter F QP C=2
@0 FE (Oce0.5A(0c=2
OCounter 7 OO C=2 Counter ( NS )
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The Language of Temporal Logic

Safety v.s. Liveness

@ Safety properties: something (bad) will never happen.

e Example: invariance properties.

e Typically expressed by a temporal formula: D¢ or ¢1 = O ¢o.

@ Liveness properties: something (good) will happen.

e Example: termination, responsiveness.

e Typically expressed by a temporal formula:
O ¢ or D1 = § o).

o Extended: ¢1 U/ 2 or Ol(d1 = P2ld P3).

Eidgene schule Zarieh 2
o oo i S A
Thai Son Hoang (ETH-Zurich) Proof Rules Ascona Meeting, 03/02/11 9/29



The Language of Temporal Logic

System Properties

@ A system S satisfying property ¢ if all its traces satisfy ¢.
SE¢ ifandonlyif ok ¢, forallo e T(S).

@ St ¢ states that SF ¢ is provable.

INFGRMATIO
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Proof Principles

Proof Tools (1 of 3)

System Leads from ¢4 to ¢»

Event leads from ¢ to ¢»

@ Let evt be an event of the form G(V) — v := (V)
@ Let ¢1(v) and ¢2(Vv) be two state formulas.

@ Event evt leads from ¢+ (V) to ¢o(V) if
$1(V) A G(V) = 2(F(V))

System leads from ¢ to ¢»

A system S leads from ¢1 to ¢o if
every event evt in S leads from ¢ to ¢2

@ When S leads from ¢4 to ¢ is provable, we write
ke F S leads from ¢4 to ¢» ?ﬁ
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Proof Principles

Invariance Rules (1/2)

Finit(V) = ¢
+ Sleads from ¢ to ¢
Sk Oe¢

INVinduct

Counter - Oce0..5

system Counter events

variables c € Z inc = c#5—c:=c+1

initially c =0 dec = ¢c>3—c:=c—1

A B
INF UKAUXM%M
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Proof Principles

Invariance Rules (1/2)

Finit(v) = ¢
+ Sleads from ¢ to ¢

S+ 0Oo¢

INVinduct

Counter - Oce0..5

system Counter events

variables c € Z inc = c#5—c:=c+1

initially c =0 dec = ¢c>3—c:=c—1

@ Initialisation: F¢c=0 = c€0..5

A B
INF UKAUXM%M
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Proof Principles

Invariance Rules (1/2)

Finit(v) = ¢
F S leads from ¢ to ¢
Sk Oe¢

INVinduct

Counter - Oce0..5

system Counter events

variables c € Z inc = c#5—c:=c+1

initially c =0 dec = ¢c>3—c:=c—1

@ Initialisation: F¢c=0 = c€0..5
@inc:ce0..5Ac#5 = c+1€0..5
@dec:ce0.5Ac>3 = c—1€0..5

ETH
e
-

A B
INF UKAUXM%M
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Proof Principles

Invariance Rules (2

F g2 = ¢
S F O¢s

S+ O¢q

INvlheorem

. aul 5
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Proof Principles

Invariance Rules (2/2)

F d2 = ¢4
S F O¢s

S+ O¢q

INvlheorem

Counter - 0c <6

Choose ¢potobe ce0..5.
erFcel0..5 = c<6

udger rien 2
s | rich. 7O S
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Proof Principles

Invariance Rules (2/2)

F g2 = ¢
S E Od¢s

S+ O¢q

INvlheorem

Counter - 0c <6

Choose ¢potobe ce0..5.

eFce0..5=c¢c<6
@ Counter - Oce0..5

udger ien 2
o ORI
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Proof Principles

Proof Tools (2 of 3)

Convergence

@ Let ¢ be a state formula.

@ Atrace is said to be convergent when ¢ holds if
it does not end with an infinite sequences of states satisfying ¢.

@ System S is said to be convergent when ¢ holds if
all its traces are convergent when ¢ holds.

@ When the above fact is provable, we denote it as
S| ¢

@ For system S with events evt; = G;j(V) — V := f;(V)

@ Give a integer variant V(v)

@ S converges when ¢ holds if for all events evt; of S
o ¢(V)AGi(v) = V(V) eN

ETH. e o(v)AGi(v) = V(fi(v)) < V(v) ﬁ
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Proof Principles

Proof Tools (3 of 3)

Deadlock-freeness

@ Let ¢ be a state formula.

@ System S is deadlock-free when ¢ holds if
there exists an enabled event of S when ¢ holds.

@ When the above fact is provable, we denote it as
F S is deadlock-free when ¢ holds
@ This is guaranteed by proving the following.

(V) = Gi(V)V...V Gy(V)

-
INFGRMATIO
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Proof Principles

Liveness Rules (1/3)

Always Eventually

FS|-¢
F S is deadlock-free when —¢ holds

SFOG

LIVES ¢

e L WM
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Proof Principles

Liveness Rules (1/3)

Always Eventually

FSl-¢
F S is deadlock-free when —¢ holds

SFOG

LIVES ¢

Counter - 1$c>2

@ Convergence: Using variant V =5 — c.

@ 5— c e N (usinginvariantc € 0..5)
@ inc:c>2ANc#5=5—-(c+1)<5-c
@ dec: - c>2Ac>3=5—-(c—1)<b5-c

ETH
e
-

V.
INE UKAUIA\QM
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Proof Principles

Liveness Rules (1/3)

Always Eventually

FS|-¢
+ Sis deadlock-free when —¢ holds

SFOG

LIVES ¢

Counter - 1$c>2

@ Convergence: Using variant V =5 — c.

@ 5— c e N (usinginvariantc € 0..5)
@ inc:c>2ANc#5=5—-(c+1)<5-c
@ dec: - c>2Ac>3=5—-(c—1)<b5-c

@ Deadlock-free: -¢>2=c#5Vvc>3

ETH
e
-

V.
INE UKAUIA\QM
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Proof Principles

Liveness Rules (2
Until

F Sleads from ¢4 A =g to ¢1 V o
S F O0(—¢1V ¢2)

S F O(¢1 = d1U b2)

LIVE,,

INF U;iu’f;m
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Proof Principles

Liveness Rules (2/3)
Until

F Sleads from ¢4 A =g t0 d1 V o

S F O0(—¢1V ¢2)
S F O(¢1 = d1U b2)

LIVE,,

Counter - O(c<2 = (c<2UY c=2))

@ Counter leads fromc<2A—-c=2toc<2Vc=2,
equivalently Counter leads fromc < 2toc <2

einc:c<2AC#5 = c+1<2
e decic<2Ac>3 = c—-1<2

INE UKAUIA\QM
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Proof Principles

Liveness Rules (2/3)
Until

= Sleads from ¢4 A —go to @1 V o
S F OO(—¢1V ¢2)

S F O(¢1 = d1U b2)

LIVE,,

Counter - O(c<2 = (c<2UY c=2))

@ Counter leads fromc<2A—-c=2toc<2Vc=2,
equivalently Counter leads fromc < 2toc <2

einc:c<2AC#5 = c+1<2
e decic<2Ac>3 = c—-1<2

@ Eventually: O$(—c <2V ¢ =2), equivalentto O c > 2

INE UKAUIA\QM
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Proof Principles

Liveness Rules (3/3)

Response

S+ O(¢1 = ¢3)
SEO(¢s = (¢3U ¢2))

SEO(¢1 = O ¢2)

LlVEresponse

ETH
e
"

IINFS U;iu’f;m;%
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Proof Principles

Liveness Rules (3/3)

Response

St DO(¢1 = ¢3)
SEO(¢s = (¢3U ¢2))
SHO(¢1 = O ¢2)

LlVEresponse

Counter - O(c=0 = $c=2)
Choose ¢3 =c < 2

@ O(c=0 = c<?2)

IINFS U;iu’f;m;%
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Proof Principles

Liveness Rules (3/3)

Response

S+ O(¢1 = ¢3)
St DO(d3 = (¢3ld ¢2))

SEO(¢1 = O ¢2)

LlVEresponse

Counter - O(c=0 = $c=2)
Choose ¢3 =c < 2

@ O(c=0 = c<?2)
e(c<2 = (c<2U c=2)

IINFS U;iu’f;m;%
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Example. Reader and Writer

Example. Reader and Writer

system RdWr events
variables r,w € Z,Z read = r#Zw—r:=r+1
initially r=0Aw =0 write = w<r+3—w:=w-+1

An execution

write

(0,0) 2, 10,1) X, (0, 2y €, (0,3)

write

eachchule Zunch
Technalogy uich
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Example. Reader and Writer

Example. Reader and Writer

system RdWr events
variables r,w € Z,Z read = r#Zw—r:=r+1
initially r=0Aw =0 write = w<r+3—w:=w-+1

An execution

write

write write

(0,0) 2 10,1y X, (0, 2y ™, (0,3) 1%, (1,3) 4, (2,3) %, (3 3)

read

eachchule Zunch
Technalogy uich
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Example. Reader and Writer

Example. Reader and Writer

system RdWr events
variables r,w € Z,Z read = r#Zw—r:=r+1
initially r=0Aw =0 write = w<r+3—w:=w-+1

An execution

<070> write <0’1> < write

write
——

FORMAT
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Example. Reader and Writer

A Progress Properties

Reader’s progress
The Reader will eventually read the data that the Writer wrote.

IINFS U;iu’f;m;%
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Example. Reader and Writer

A Progress Properties

Reader’s progress
The Reader will eventually read the data that the Writer wrote.

Formalisation. First attempt
@ Canwe prove RdWr E OOr=w?

IINFS U;iu’f;m;%
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Example. Reader and Writer

A Progress Properties

Reader’s progress
The Reader will eventually read the data that the Writer wrote.

Formalisation. First attempt

@ Canwe prove RdWr E OOr=w?

e No, the Reader might always be behind the Writer
(despite progressing).

IINFS U;iu’f;m;%
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Example. Reader and Writer

A Progress Properties

Reader’s progress
The Reader will eventually read the data that the Writer wrote.

Formalisation. First attempt

@ Canwe prove RdWr E OOr=w?

e No, the Reader might always be behind the Writer
(despite progressing).

Formalisation. Second attempt
RdWr £ Ow=K = $r=K)?

sagen o
s Fa logy Zurich ,l, El ! S
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Example. Reader and Writer

A Proof (1/6)

system RdWr events
variables r,w € Z,Z read
initially r=0Aw =0 write

r£#w-—r:=r+1

w<r+3—w:=w+1

[RIWr - O(w=K = or=K) |

¢s )] (1)

LIVEresponse { [RIWrFOwW=K =
—

[RAWr F O ( o3

=> (4 uUr=K)J (2

SFO(¢1 = ¢3)

SEO(¢3 = (¢3U $2))

SEO(p1 = < ¢2)

LlVEresponse

Thai Son Hoang (ETH-Zirich) Proof Rules
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Example. Reader and Writer

A Proof (1/6)

system RdWr events
variables r,w € Z,Z read
initially r=0Aw =0 write

r£#w-—r:=r+1

w<r+3—w:=w+1

[RAWr - O(Ww=K = $r=K) |

LIVEresponse { [RAWrFOw=K = r<K)| (1)
e,

[RAWrFO(r<K = r<Kur=K)| (2

SFO(¢1 = ¢3)

SEO(¢s = (¢3U $2))

SEO(p1 = < ¢2)

LlVEresponse
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Example. Reader and Writer

A Proof (2

system RdWr events
variables r,w € Z,7Z read = r#w—r:=r+1
initially r=0Aw =0 write = w<r+3-—w:=w-+1
FV:§0:>¢ )—@2:>¢1
= S leads from ¢ to S+ O¢
2 2 INVinduct 2 INvtheorem
S+ O¢ S+ O¢q

(1) [RAWrEoO(w=K = r<K)|

Em O INVinquct fails, hence apply INViheorem

Thai Son Hoang (ETH-Zirich) Proof Rules
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Example. Reader and Writer

A Proof (2/6)

system RdWr events
variables r,w € Z,7Z read = r#w—r:=r+1
initially r=0Aw =0 write = w<r+3-—w:=w-+1
Fv=s = ¢ E ¢2 = ¢
S leads from ¢ to St+0O
2 2 INVinduct %’52 INvtheorem
S+ O¢ S+ O¢q

(1) [RAWrFOwW=K = r<K) |

"‘“’lhﬂ> lrSW:>(W:K:>I‘SK)I
[RdWr F Or<w |

!!!!!!!! @ INVinquct fails, hence apply INViheorem With ¢ to be r < w.
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Example. Reader and Writer

A Proof (3/6)

F Sleads from ¢4 A =g t0 P V o
S F O0(—91 Vv ¢2)

S F O(¢1 = d1U $2)

LIVE,,

(2 [RdWr F OF <K= <Kur=Ky|

LIVE,, [F RdWrleadsfromr < KA-r=Ktor<Kvr=K] (2.1)
[RaWr F OO(r<KVr=K)] (22)

ETH
e
"

JINFGRMATION SECURITY:
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Example. Reader and Writer

A Proof (4/6)

system RdWr events
variables r,w € Z,7Z read = r#w—r:=r+1
initially r=0Aw =0 write = w<r+3-—w:=w+1

2.1)

logic
——

[F RdWrleads fromr < KA-r=Ktor<Kvr=K|

[ F RdWr leads from r < Ktor < K |

definition [f<K/\r;£w:>r+1§Kl
JACTIoNN
[r<KAaw<r+1=>r<K]

eachchule Zunch
Technalogy uich
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Example. Reader and Writer

A Proof (5/6)

FS|—¢
- S is deadlock-free when —¢ holds

SFOG

LIVE ¢

(22) [RdWr F OO(-r<KVr=K) |

logic
—_—

[RAWr F OGr>K |

LIVES o [FRAWr | -r>K ] (2.2.1)
—_—
[ F RdWFr is deadlock-free when —=r > K holds | (2.2.2)
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Example. Reader and Writer

A Proof (6/6)

system RdWr events
variables r,w € Z,Z read r£<w—r:=r+1
initially r=0Aw =0 write = w<r+3—w:=w+1
(2.2.2) [ F RdWr is deadlock-free when —r > K holds |
Gefinition, [-r>K = r£Zw VvV w<3+r] -
== SR
, atef rchnelogy rich [T OTATTON SECORITY
Thai Son Hoang (ETH-Zirich) Proof Rules
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Example. Reader and Writer

A Proof (6

system RdWr events
variables r,w € Z,7Z read = r#w—r:=r+1
initially r=0Aw =0 write = w<r+3—w:=w+1

(221) [FRAWr | -r>K]
logic

—— [FRdWr | r<K]

@ Use variant:

(2.2.2) [ F RdWr is deadlock-free when —r > K holds |
definllon, [r=K = rZwv w<3+r]
ETH

Thai Son Hoang (ETH-Zirich)
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Example. Reader and Writer

A Proof (6

system RdWr events
variables r,w € Z,7Z read = r#w—r:=r+1
initially r=0Aw =0 write = w<r+3—w:=w+1

(221) [FRAWr | -r>K]
logic

—— [FRdWr | r<K]

@ Use variant:

(- -+ -w

(2.2.2) [ F RdWr is deadlock-free when —r > K holds |
definltlon, [r=K = rZwv w<3+r]
ETH

Thai Son Hoang (ETH-Zirich)
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Example. Reader and Writer

A Proof (6

system RdWr events
variables r,w € Z,7Z read = r#w—r:=r+1
initially r=0Aw =0 write = w<r+3—w:=w+1

(221) [FRAWr | -r>K]
logic

—— [FRdWr | r<K]

@ Use variant:

(K=r) ~+( —w)

(2.2.2) [ F RdWr is deadlock-free when —r > K holds |
definllon, [r=K = rZwv w<3+r]
ETH

Thai Son Hoang (ETH-Ziirich)
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Example. Reader and Writer

ETH
e
"

A Proof (6/6)

system RdWr

variables r,w € Z,Z

initially r=0Aw =0

events
read

write =

r£#w—r:=r+1

w<r+3—w:=w+1

@ Use variant:

(221) [FRAWr | -r>K]
logic

—— [FRdWr | r<K]

(K—=r) +(r+3—-w)

(2.2.2)

definition
_—

[ = RdWF is deadlock-free when =r > K holds |

l

—\I'EK =

r£wy w<3+r]

Thai Son Hoang (ETH-Ziirich)
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Example. Reader and Writer

ETH
e
"

A Proof (6/6)

system RdWr

variables r,w € Z,Z

initially r=0Aw =0

events
read

write =

r£#w—r:=r+1

w<r+3—w:=w+1

@ Use variant:

(221) [FRAWr | -r>K]
logic

—— [FRdWr | r<K]

(K=r)x2+(r+3—w)

(2.2.2)

definition
_—

[ = RdWF is deadlock-free when =r > K holds |

l

—\I'EK =

r£wy w<3+r]
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Conclusions

Summary

@ Proof rules for certain classes of invariance and liveness
properties.

@ The proof rules based on the reasoning about:

o the system leads from ¢1 to ¢»
o the system is convergence when ¢ holds
o the system is deadlock-free when ¢ holds.

udger rien 2
s | rich. 7O S
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Conclusions

Further Directions

@ Proofs become tedious when the system becomes large.

@ Refinement helps to reduce the complexity.

e Invariance properties are maintained.
e How about liveness?

@ Concurrent systems: fairness assumptions.

e Expect some weaker rules.
e Interaction with refinement?
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Appendix For Further Reading

For Further Reading |

[W Zohar Manna and Amir Pnueli.
Adequate Proof Principles
for Invariance and Liveness Properties of Concurrent Programs.
Science of Computer Programming 4:259-289, 1984.

[ Zohar Manna and Amir Pnueli.
Completing the Temporal Picture.
Theoretical Computer Science 81(1):97-130, 1991.
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