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Abstract—Pilot contamination constitutes a particularly signif-
icant impairment in large-scale multi-cell systems. We propose
an effective pilot contamination elimination scheme for multi-cell
time division duplexing based orthogonal frequency division
multiplexing systems, by carefully designing a sophisticated
amalgam of downlink (DL) training and ‘scheduled’ uplink (UL)
training. During the DL training stage, each base station (BS)
transmits the DL pilot symbols (PSs) to its mobile stations (MSs)
for them to estimate their frequency-domain channel transfer
functions (FDCHTFs), which are then embedded in the UL PSs by
‘predistorting’ the PSs with the estimated FDCHTFs. During the
scheduled UL training, each BS’s UL receiver in turn extracts the
FDCHTFs of its MSs from their received PSs by eliminating the
pilot contamination imposed by the simultaneously transmitted
UL PSs of all other cells. Our simulation results demonstrate that
the pilot contamination is completely eliminated by the proposed
scheme, even for the network consisting of a large number of unity
frequency reuse cells. Most significantly, unlike many existing
pilot contamination reduction schemes, our scheme does not rely
on the assumption that each BS knows the second-order statistics
of all the interfering UL channels.

Index Terms—Channel estimation, multi-cell systems, multiple
antennas, pilot contamination, time division duplexing.

I. INTRODUCTION

I n order to achieve a high area-spectral efficiency, the same
carrier frequencies are reused in the neighboring cells

by obeying specific reuse patterns, where the base stations
(BSs) employing multiple antennas are capable of simultane-
ously supporting a multiplicity of autonomous mobile stations
(MSs) [1], [2]. However, the performance of these multi-user,
multiple-antenna aided systems is critically dependent on the
accuracy of the channel state information (CSI), regardless
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whether the CSI is used for uplink (UL) reception or for the
downlink (DL) transmit precoding (TP) or transmit beam-
forming (TBF) [3]. The CSI can be acquired at the BS with
the aid of UL training, which may then be used for DL TBF,
by exploiting the reciprocity between the UL and the DL of
time-division duplexing (TDD) systems [4]. The accuracy of
the channel estimate (CE) and thus the attainable system per-
formance relies on having perfectly orthogonal pilots allocated
to the different users. However, using orthogonal pilots may
only be guaranteed for the users roaming within the same cell,
but not for those scattered across different cells, because the
convolution of the pilots with long channel impulse responses
(CIRs) destroys their orthogonality. Moreover, the limited
available bandwidth may not allow unique, user-specific or-
thogonal pilots to be employed for each user [5], especially
not in multi-cell systems relying on a radical frequency reuse
factor of one. Then the pilots will be gravely polluted by the
adjacent cells’ users, when the BS of the serving cell carries out
CE. Compared to the effect of additive white Gaussian noise
(AWGN), pilot contamination constitutes a much more grave
impairment that limits the system’s performance [5]–[9].
The impact of pilot contamination imposed on multi-cell,

multiple-antenna systems was characterized in [5] and it was
shown that the precoded DL signal of the BS in the serving
cell contaminates the received signal of the users roaming
in other cells [5]. A study of pilot contamination was given
in [10] and a minimum mean square error (MMSE) criterion
based precoding method was developed for mitigating the
above-mentioned contamination. The authors of [7] analyzed
the pilot contamination problems in multi-cell, multiple-input
multiple-output (MIMO) systems relying on a large number of
antennas at the BS, which demonstrated that pilot contamina-
tion persists in large-scale MIMO systems. In order to reduce
the pilot contamination in multi-cell, multiple-antenna systems,
the work [1] proposed a modified frame structure for each cell,
where non-overlapping pilots were used for the different cells.
The study [6] analyzed the asymptotic behavior of the signal to
interference plus noise ratio (SINR) for both time aligned and
time staggered pilots, which revealed that it may be possible to
cancel the interference of adjacent cells, as long as the pilots
do not overlap in time. However, the transmission of staggered
pilots requires a central controller for managing the staggering
of the pilot-intervals in all of the cells in order to safeguard
their ‘orthogonality’ across different cells, which becomes a
challenge for an increasing number of users and cells.
Coordinated approaches were proposed for DL TBF in

[11]–[13] to mitigate the inter-cell interference and the idea
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was extended to the coordinated CE in [2] for alleviating the
effects of pilot contamination. The channel estimator adopted
in the coordinated CE scheme of [2] is the linear MMSE
(LMMSE) estimator [5], [10], which yields a better perfor-
mance than the least squares (LS) estimator, but it requires the
knowledge of the second-order statistics of all the UL channels,
including those of the interfering MSs roaming in the adja-
cent cells. The coordinated CE scheme of [2] further exploits
the known second-order statistics of all the UL channels for
designing a covariance-aware pilot assignment strategy for
improving the LMMSE CE. Similar to the LMMSE estimator
of [5], [10], the coordinated CE scheme [2] also requires the
knowledge of the second-order statistics of all the UL channels.
It is worth emphasizing that each BS is estimating its in-cell
channels, but not the interfering channels from the adjacent
cells. Thus, it is unrealistic to assume that the BS knows the
second-order statistics of all the UL channels before they were
even estimated. Therefore, it is impossible to implement such a
CE scheme in practical multi-cell systems.
Against the above background, we propose an effective

pilot contamination elimination scheme for multi-cell TDD
orthogonal frequency division multiplexing (OFDM) systems.
More specifically, the proposed pilot contamination elimination
scheme relies on the two processing stages of a DL training and
a scheduled UL training. During the DL training stage, each BS
transmits its DL pilots to the MSs supported in order for them to
estimate their specific DL frequency-domain channel transfer
functions (FDCHTFs). During the scheduled UL training stage,
one cell at a time, the MSs of each cell predistort their UL pilot
symbols (PSs) using their estimated DL-FDCHTFs and hence
the uncontaminated DL-FDCHTFs are ‘encapsulated’ in their
UL PSs for exploitation by the BS. Furthermore, each BS’s UL
receiver in turn extracts all the DL-FDCHTFs of its MSs from
the received UL signals by eliminating the pilot contamination
imposed by the UL-PS transmissions of all the other cells. Un-
like the schemes of [2], [5], [10], our scheme does not assume
the knowledge of the channels’ second-order statistics and,
therefore, it offers a practical means of alleviating the effects of
pilot contamination in large-scale multi-cell MIMO systems.
Throughout our discussion, denotes the complex number

field, bold fonts are used to denote matrices and vectors, where
the row vector convention is adopted. Lower and upper case
symbols represent the time-domain (TD) and frequency-domain
(FD) signals, respectively. For any , we have

, where , while and are the real and
imaginary parts of , respectively. The transpose and Hermi-
tian transpose operators are denoted by and , respec-
tively, while denotes the trace operation and de-
notes the diagonal matrix with the diagonal entries equal to the
components of . The inverse operation is denoted by ,
while and stand for the expectation and variance
operations, respectively. Furthermore, denotes the Kronecker
tensor product and denotes the conjugate operation, while
represents the estimate of .
The rest of this paper is organized as follows. Section II

describes the MIMO-aided multi-cell TDD OFDM system.
Section III is devoted to the description of the proposed
pilot contamination elimination scheme, where the achiev-

able system throughput of our scheme is also detailed. In
Section IV, we present our simulation results for characterizing
the proposed pilot contamination elimination scheme in various
scenarios. Our conclusions are offered in Section V.

II. MULTI-CELL TDD SYSTEM MODEL

Consider a cellular network composed of hexagonal cells,
labelled by , where each of the simultaneous
users of each cell is equipped with a single transmit/receive an-
tenna, while the BS of each cell employs an array of transmit/
receive antennas. All BSs andMSs are synchronized and rely on
a TDD protocol as well as unity frequency reuse (UFR). We as-
sume that the PSs used by the single-antennaMSs in a given cell
are mutually orthogonal. The employment of OFDM is justified,
because it was standardized for fourth-generation wireless com-
munications [14].

A. Uplink Training

At the commencement of data transmission, all MSs of all
cells synchronously transmit OFDM PSs to their serving
BSs. The -th FD PS of user in the -th cell is given by

, where is the
number of subcarriers and the power of each pilot is
assumed to be unity. Let denote the UL-FDCHTF
of the -th user in cell and the -th receiver antenna of cell
at the -th subcarrier of the -th OFDM symbol. Furthermore,

denotes the signal received by the -th receiver
antenna element in cell , which can be expressed as [1]

(1)

for and , where denotes the average
power of each user and is the FD representation of
the UL channel’s AWGN, whose power is . The set of equa-
tions constituted by (1) for can be written as

(2)

where and are the two
row vectors hosting and for ,
respectively, and are the
two row vectors hosting and for
, respectively, while and

are the two FDCHTF matrices having their -th row and
-th column elements given by and ,
respectively.
We assume that the channel is time-invariant for the dura-

tion of OFDM symbols, which allows us to drop
the OFDM symbol index from . Specifically,
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Fig. 1. Multiple-antenna aided multi-cell TDD system, where the uplink
training in the cell is contaminated by the MSs’ transmissions from the
adjacent cells which use the same pilot symbols.

for , where the FDCHTF
row vector

represents the link between the -th MS in the -th cell
and the -th antenna of the target BS in the cell over all the
OFDM subcarriers. According to [2], we set as

(3)

with the TD CIR vector given by

(4)

where and are the antenna spacing at the BS and the car-
rier’s wavelength, respectively, is the number of resolvable
paths, is the angle of arrival (AoA) of the -th path be-
tween the -th MS in the -th cell and the -th antenna of the
serving BS, while

(5)

is the complex-valued tap of the -th path. Furthermore,
in (3) is the fast Fourier transform (FFT) matrix

whose elements are given by
for and . The phase of the
path is a random variable uniformly distributed in . The
path loss coefficient accounts for the attenuation and
shadow fading of the path, which change slowly as a function
of distance [3], and we may assume that
for and . The pilot contamination
experienced during the UL training is illustrated in Fig. 1.
Since the channel is time-invariant for the duration of sym-

bols, we have for
in (2), where the -th row and -th column element of is

. As a benefit of the cyclic prefix, the OFDM symbols
do not overlap in time and the BS processing can be carried out
on a per-carrier basis. Hence, to simplify our notation, we will

omit the subcarrier index in the sequel. Assuming that a total
of consecutive OFDM symbols are dedicated to pilot subcar-
riers [3], the discrete-time model of the received signal associ-
ated with OFDM symbols, namely (2) over , can
be written as

(6)

with , and .
The LS CE and the LMMSE CE of the FDCHTF matrix

are given respectively by [2], [10]

(7)

(8)

where is the covariance matrix of the
FDCHTF matrix . The LS CE (7) is simple to implement,
since it is only based on the target cell’s PSs. By contrast, the
LMMSE CE (8), which yields a much better estimate than the
LS CE, relies on all the PSs from all the cells and, therefore,
it requires the full cooperation of all the BSs to exchange their
UL PSs. Thus, the LMMSE CE imposes a significantly higher
complexity than the LS CE. Most critically, the LMMSE CE
requires that the serving BS knows the second-order statistics

of all the channels for .

B. Pilot Contamination

From (7) and (8), we can see that the estimation of the desired
channel relies on correlating the received signal with the
known PSs, which suffers from significant pilot contamination
due to the lack of orthogonality between the desired cell’s pilots
and the interfering cell’s pilots [2], [6]. In particular, when the
same PSs are reused in all the cells, which is the worst case
scenario [3], [5], [6], we have for . Addi-
tionally, the PSs of the MSs within a given cell are orthogonal1

to each other, and we have . Now considering the
LS CE (7), we arrive at [2]

(9)

where the pilot contamination constituted by the second term
in (9) gives rise to a significant estimation error to the desired
CE, especially when the path loss coefficients between the in-
terfering cells and the serving cell are similar to those within the
serving cell [5].

1Note that the PSs may be made orthogonal to each other on a per-carrier
basis, where the -length PSs of the users roaming in the same cell are orthog-
onal to each other, regardless whether they are orthogonal or nonorthogonal over
the subcarriers.
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For the LMMSE CE of (8), again noting
for and , we have

(10)

The second term in (10) indicates that the pilot contamination
imposes a significant estimation error on the desired CE. Let
us investigate the asymptotic effects of the pilot contamination
imposed on the LMMSE CE as the number of antennas tends
to infinity. In order to determine the value of
as , we evaluate the following limit

(11)
which is valid provided that is non-singular.
Based on Lemma 1 of [6] and by invoking for

and again, we arrive at

(12)

Note furthermore that

(13)
Substituting (12) and (13) into (10) yields the following expres-

sion for in the asymptotic case of

(14)

Observe in (14) that the LMMSE CE strikes a tradeoff between
the achievable estimation accuracy of the true FDCHTF matrix

and the gravity of the pilot contamination imposed by
the UL training of the MSs roaming in the adjacent cells. This
beneficial trade-off is achieved at the expense of requiring all
the path loss coefficients for and .

III. OUR PILOT CONTAMINATION ELIMINATION SCHEME

As shown in Section II-B, the CE relying on the UL PSs suf-
fers from pilot contamination and the existing schemes [2], [5],
[10] require the knowledge of all the channels’ second-order

Fig. 2. Stage I: downlink training. During phase 1, the BS sends the DL pilot
by its first antenna to the MSs, while during phase 2, the BS sends the pilot via
its all of antennas to the MSs. Note that the MSs in the adjacent cells may
also overhear the pilot, which is not shown in this figure for clarity. (a) Phase 1;
(b) Phase 2.

statistics as well as the full cooperation of all the BSs to
exchange their UL PSs. Additionally, having orthogonal PSs
cannot be guaranteed for all of the MSs roaming in different
cells for their UL training. Fortunately, the number of cells is
limited compared to the number of MSs, hence it is possible to
allocate orthogonal PSs to the BSs for their DL broadcasting.
These BS-specific PSs can be exploited by the MSs for esti-
mating their unique DL channels. By design, the DL training
will not be contaminated by the adjacent cells, since orthog-
onal PSs have been allocated to the different BSs. Thus, the
estimated DL channel information can be encapsulated into the
MSs’s PSs for assisting the UL CE, as detailed below. Based on
this philosophy, we propose a two-stage CE scheme consisting
of the DL training and the appropriately scheduled UL training
for the sake of eliminating the UL pilot contamination, which
does not require any knowledge of the channels’ second-order
statistics.

A. The Proposed Pilot Assisted Channel Estimation

The proposed pilot contamination elimination scheme con-
sists of a sophisticated amalgam of a DL and an UL training
stage. Furthermore, the DL training contains two phases as il-
lustrated in Fig. 2, while UL training contains phases
as illustrated in Fig. 3, where each phase occupies OFDM
symbol durations. Again, we assume that the channel is time-in-
variant for the duration of OFDM symbols, which al-
lows the proposed scheme to acquire accurate estimates of the
channel coefficients and then hence to eliminate the pilot con-
tamination. More specifically, the operations of the DL and UL
training are detailed as follows:
1) The DL Training Stage: It contains the two phases as illus-

trated in Fig. 2. We assume that there are unique orthogonal
OFDM PSs, one for each of the cells, which is reasonable
because the number of cells is far less than the total number of
MSs roaming in all the cells. Specifically, the pilots

for cell satisfy and
for and . As seen in Fig. 2(a),

during the first phase of the DL training, the th BS broadcasts
the OFDM pilots using a single antenna, say the BS’s
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first antenna. The signal received by MS in cell can readily
be expressed by2

(15)

where , represents the channel
between the BS’s 1st antenna and the MS , while

is the FD rep-
resentation of the channel’s AWGN. The unique, MS-specific
DL channel information is readily estimated using the
LS estimator, yielding

(16)

During the second phase of the DL training, as illustrated in
Fig. 2(b), the BS actives all the DL transmit antennas to broad-
cast the same OFDM pilots to MS , where the received
OFDM signal of MS is given by

(17)

where , denotes the channel
between the BS’s th antenna and the MS , while

is the FD rep-
resentation of the channel’s AWGN. Thus, MS can estimate
the sum of the channels, namely, for
all the links between the serving BS’s DL transmit antennas
and itself, using the LS estimate of

(18)

2) The UL Training Stage: It consists of the
scheduled phases as depicted in Fig. 3. We assume the
worst case scenario of having the same pre-assigned orthog-
onal PS matrix reused in every cells, namely

for and , where we
have and for

. As illustrated in Fig. 3(a), during the initial phase
0 of the UL training, the MSs roaming in all the cells simulta-
neously transmit their pre-assigned orthogonal PSs
for and in the ULs to their BSs. The
composite signal received during phase 0 at the -th BS can be
expressed according to (6) as

(19)

During the phase of the UL training, where ,
as shown in Fig. 3(b), the MSs in cell transmit their own
specifically predistorted UL PSs given by

(20)

2The serving cell index is dropped from the transmitted and received pilot
signals for notational simplicity.

Fig. 3. Stage II: uplink training. During the initial phase, namely phase 0, all
the MSs send the pre-assigned orthogonal PSs to their BSs. During the
phase , , the MSs in cell send their distinctive PSs to their
BS, while the MSs in the other cells send the pre-assigned orthogonal PSs
to their BSs. (a) Phase 0; (b) Phase .

to the -th BS. As encapsulates the DL-FDCHTF infor-
mation estimated by MS in cell during
the DL training, it is distinct to this MS. At the same time, the
MSs roaming in all the other cells simultaneously transmit their
pre-assigned orthogonal PSs to their BSs, where

, and . As a result, the UL signal
received by the -th BS’s receiver is readily expressed as

(21)

where and

(22)

From (19) and (21), we have respectively

(23)

(24)

where and

. Furthermore, the power of both

and is . Let and

, where the power of is .
From (23) and (24), we readily arrive at

(25)

Observe in (25) that the pilot contamination is completely
eliminated.
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In order to extract the estimates of theMS-specific FDCHTFs
for and , we expand (25).

Specifically, we do not distinguish the DL and UL FDCHTF
estimates, since we assume that they are identical, and we sub-
stitute in (25) by their estimates to express it in
the element-based form shown in (26) at the bottom of the page.
Observe that at the right-hand side of (26) all the entries in the
-th row have the common factor of .

Noting yields

(27)

Assuming that for ,
we have

(28)

With the aid of (28), (26) can be rewritten as

...
...

...
...

...
...

...
...

By summing the last elements in each row for both the
left-hand and right-hand sides of (29), we arrive at

(30)

Noting for yields the esti-
mates of

(31)

By utilizing (28) and (33), we obtain the estimates of

(32)

Remark 1: Our scheme completely eliminates the pilot con-
tamination in the estimated FDCHTFs of (31) and (32) under
the worst-case UL training scenario of reusing the same orthog-
onal PS matrix in all the cells. This is achieved at the cost
of expanding the training session to the appropriately sched-
uled periods,—one for each cell—to estimate its FDCHTF ma-
trix. Therefore, our scheme increases the training overhead by
a factor of . However, our scheme does not require any in-
formation exchange between the BSs and, most importantly,
it does not impose the unrealistic assumption of knowing the
channels’ second-order statistics. Consequently, unlike many
existing schemes [2], [5], [10], our channel estimator has sig-
nificant advantages in practical implementation.
The CE scheme proposed for the network of cells is sum-

marized in Algorithm 1.

Algorithm 1 Pilot contamination elimination scheme.

• Stage I Simultaneous DL training: as illustrated in
Fig. 2, it consists of the two phases, a single-antenna and a
multiple-antenna based channel estimation phases, during
which each cell’s BS simultaneously broadcasts PSs to its
MSs for them to estimate their DL-FDCHTFs, as given in
(16) and (18), respectively.

• Stage II Scheduled UL training: as illustrated in Fig. 3,
it consists of phases.
(a) During the initial phase 0 of Fig. 3(a), all the MSs

of all cells simultaneously transmit the pre-assigned
PSs to their BSs.

(b) During the phase of Fig. 3(b), where ,
the MSs of cell transmit their appropriately
predistorted PSs based on their estimated
DL-FDCHTFs to the -th BS, while the MSs of all
the other cells again transmit the same pre-assigned
PSs to their BSs. Given the signals received during
phase 0 and phase , the -th BS extracts the
FDCHTFs of its MSs, as seen in (31) and (32), by
eliminating the pilot contamination imposed by the
other cells.

...
...

...
... ...

...
...

...

(26)
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B. Mean and Variance of the Proposed Estimator

From (15) and (17), we can express in (25) as

(33)

where ,

, and the power of both and

is . The complex-valued random variables ,
and in (33) all obey the Gaussian distribution

and they are independent of each other. As is a nonlinear

composite of , and , the statistical analysis
of the proposed estimator is challenging. We concentrate on the
expectation and variance of the proposed estimator .
Invoking the expression of in (33), the numerator and

denominator in (31) and (32) can be rewritten as follows

(34)

(35)

(36)

where . The expectation of is

with respect to , , and . Therefore, we
can express the expectation as follows [21, p. 117]

(37)

Having arrived at by evalu-

ating the expectation of with respect to
the random variables and to compute the expectation of

with respect to the random vari-
ables , we have the following theorem.
Theorem 1: If a complex-valued random variable

, , has a zero mean, then the th power of the
function , namely , where is a natural number, also has a
zero mean.

Proof: Because , we have

(38)

Then, we can compute the mean of as follows

(39)

This completes the proof.
According to the classic Taylor series theory of complex-

valued random variables [22, p. 189], under the condition of
with probability one,3 the function of

has the power series representation given
by

(40)
The series at the right-hand side of (40) is understood to con-
verge in probability. Using Theorem 1 and (40), we obtain the
expectation of as follows

(41)

In the same way, the expectation of , , is
given by

(42)

From (41) and (42), we conclude that the proposed estimator is
an unbiased one.
To provide an approximate expression for the proposed esti-

mator’s variance, we have the following approximation.
Approximation 1: Given that is a complex-

valued constant and is a complex-valued random
variable obeying as well as assuming that

(43)

we have the following approximate formula

(44)

Proof: We use Taylor series theory of a real-valued random
variable [23, p. 134] to express as

(45)

3Note that as
. Therefore, can be justified.
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where the approximation arises by dropping the high-order
terms for .
This completes the proof.
Using the approximate formula of (45) and Taylor series

theory, after some further manipulations, we have the following
approximate expression of the upper bound for the variance of

(46)

where . Similarly, for and ,

(47)

We point out again that .

C. Downlink Transmission

By exploiting the reciprocity of the TDD UL and DL
channels [6], [10], [15], the BS is capable of acquiring the
DL CE by simply assuming that it is the same as the UL CE
generated with the aid of the DL-pilots and the UL-pilots,
as discussed in Section III-A and Section III-B, respectively.
Then the TP matrix can be designed using the
zero-forcing (ZF), the MMSE, the minimum bit error rate or
the nonlinear vector precoding criteria [16]–[20]. Let the -th
information-bearing OFDM symbols transmitted to the users
of cell be . We assume that
the TP scheme ensures that , ,
and , which implies that the average power
constraint at the BS is satisfied [5], [10].
The -th cell’s BS transmits its TP signal of in the DL

to the supported MSs. Therefore, the noisy signal
received by the MSs in cell is constituted by the

superimposed DL transmissions of the cells’ BSs plus the
channel’s AWGN, which is expressed as

(48)

where is the average transmit power of the BS and
is the FD representation of the DL channel AWGNvector,

whose elements have the power of . Thus the signal received
by the -th MS in cell is given by

(49)

where is the -th row of , is the -th column
of and is the -th element of .

D. Achievable Throughput Analysis

To further investigate the benefits of eliminating the pilot con-
tamination imposed by the adjacent BSs on the CE, we derive
the lower bound of the achievable DL throughput based on the
ZF precoding matrix given by [6]

(50)

By denoting the DL data to be transmitted to the users in cell
as , we can rewrite the signal (49) received
by the -th user in the -th cell as follows

(51)

The achievable rate of the DL is the function of the signal-to-
interference-plus-noise ratio (SINR) given by

(52)

where the SINR of the -th user in the -th cell is given in (53)
at the bottom of the next page.
Since the objective of designing the ZF precoding matrix

is to minimize the interference imposed by the MSs within the
same serving cell, the residual intra-cell interference which is
the third term in (51) is significantly lower than the inter-cell in-
terference of the fourth term. Therefore, we may omit the term

imposed by the intra-cell in-
terference in the SINR expression. Additionally, the term
in the denominator of (53), which is contributed by the AWGN
is also much smaller than the inter-cell interference. Thus, we
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may also omit the term from (53). Then, the of
(53) can be approximated as

(54)

We will resort to using Monte Carlo simulations to
evaluate , and

in the calculation of the achievable
throughput (52), since there are no closed-form expressions for
them.

IV. SIMULATION RESULTS

The default values of the various parameters for our simu-
lated multi-cell TDD system are summarized in Table I, where

denotes the path loss coefficient for the -th path
of the link between the -th antenna of the -th BS and the
-th antenna of the -th BS with the associated path AoA

. Unless otherwise specified, these default parameter
values were used throughout. The UFR was assumed and the
same pre-assigned PSs were employed for the UL CE by all
the BSs. The signal-to-noise ratio (SNR) of the system was
defined as , where denoted the energy per bit and
denoted the power of the channel AWGN. All the path AoAs,

and , were independently and identically
distributed (i.i.d.) Gaussian random variables with the mean

and the standard deviation . The pilot
contamination reduction schemes of the LMMSE CE using
the aligned PSs and the LMMSE CE relying on the staggered
PSs as well as the DL precoding relying on perfect CSI were
included as the benchmarks for comparison with our proposed
pilot contamination elimination scheme.
The LMMSE CE using the aligned PSs [6] refers to the

estimator that relies on all the MSs of all the cells simultane-
ously transmitting their UL PSs, which occupies OFDM
symbol durations for its UL training. More details about the
LMMSE CE using the aligned PSs can be found in refer-
ence [6]. Furthermore, observe in (14) that the LMMSE CE
using aligned PSs fails to reduce the pilot contamination by
employing longer OFDM PSs, although it is capable of re-
ducing the effects of AWGN. However, the effect of AWGN

TABLE I
DEFAULT PARAMETERS USED IN THE SIMULATED MULTIPLE-ANTENNA

AIDED MULTI-CELL TDD SYSTEM

on the achievable capacity can be neglected, as the number
of antennas grows without limit [3], [6]. Hence, even if we
provide -length PSs for the LMMSE CE using
the aligned PSs, its performance remains almost the same as
its performance associated with using -length PSs. In our
stimulated UFR system, the LMMSE CE with the aligned PSs
used the same pre-assigned UL PSs in every cell, just as our
scheme, and the estimate of provided by the -th BS
is given by (10), or equivalently by (14) if is large. The
LMMSE CE relying on the aligned PSs assumes the exact
knowledge of both the channel’s noise variance and of all the
path loss coefficients . Naturally, this is an unrealistic
assumption, since in practice it is unclear how the serving BS
can acquire the second-order statistics of all the related UL
channels . Nevertheless, in our simulations, the LMMSE
CE using the aligned PSs was provided with all the exact path
loss coefficients , therefore its performance
represented an ‘idealized’ scenario, which is never encountered
in reality.
For the LMMSE CE using the staggered PSs [1], [6], the MSs

roaming in different cells transmit their UL PSs at non-overlap-
ping instances. Specifically, when the MSs in cell are trans-
mitting the pre-assigned UL PSs, all the MSs of all other cells
can only perform their DL data transmissions. Although the
length of the UL training period remains OFDM symbol
durations for each cell, the total training period for an -cell
system spans over OFDM symbol durations with the ad-
jacent cells performing their DL data transmission in a coor-
dinated manner for LMMSE CE using the staggered PSs. This
LMMSE CE using the staggered PSs, as detailed in Appendix,
requires the knowledge of the FDCHTFmatrices
between the -th BSs for and the -th BS as well as the

(53)
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Fig. 4. Normalized mean square error performance of our proposed channel
estimator as the function of the DL training SNR, given the UL training SNR
of . The simulated network is specified in Table I.

channel noise variance and all the path loss coefficients
for the serving cell. Estimating requires a huge training
overhead, since the number of antennas is large, and the es-
timation accuracy is limited due to the inherent inter-cell inter-
ference. The path loss coefficients are contained inside
the FDCHTF vectors which have to be estimated, and it
is unrealistic to assume that they are known before all the
are estimated. In our simulations, the LMMSECEwith the stag-
gered PSs was provided with all the true and all the true

. Therefore, its performance represented an
‘idealized’ scenario, which is difficult to approach in reality.
We firstly examined the normalized mean square error

(NMSE), which is defined as

(55)

where and are the true channel and its estimate,
respectively. Because our scheme consists of the DL training
and UL training stages, we began by investigating the NMSE of
our estimator as a function of the DL training SNR, given the UL
SNR of . The simulation results for
obtained by averaging over 100 channel realizations with dif-
ferent DL training SNRs are depicted in Fig. 4, which shows
standard behavior of an unbiased estimator whose estimation
accuracy is determined by the signal’s SNR. To verify the accu-
racy of the theoretical analysis carried out in Section III-B to de-
rive the upper bounds of our estimator variances
given in (46) and (47) for and , we also
plot the theoretical upper bound of the NMSE, which is defined
as

(56)

Fig. 5. Normalized mean square error performance of three channel estimators
as the function of the UL training SNR. The simulated network is specified
in Table I, and the DL training SNR for our proposed estimator is

.

in Fig. 4. Observe from Fig. 4 that is just above
and exhibits the same trend as the latter. We next

studied the NMSE of our estimator as a function of the UL
training SNR, given the DL SNR of . The
results obtained again by averaging over 100 channel realiza-
tions are shown in Fig. 5, where the NMSE performance of the
LMMSE CE relying on aligned PSs and the LMMSE CE using
staggered PSs are also given for comparison. It can be seen from
Fig. 5 that the UL training SNR only has very slight influence on
the achievable NMSE performance of all the three channel es-
timators, because the dominant factors which determine the UL
estimation accuracy are the intra-cell and/or inter-cell interfer-
ences and/or the pilot contamination. Observe from Fig. 5 that
our estimator significantly outperforms the other two estimators.
To investigate the achievable sum-rate performance by the

three estimators under various network conditions, we set the
UL training SNR to for all the three estimators
and additionally set the DL training SNR to
for our proposed scheme. Fig. 6 portrays the sum-rate perfor-
mance versus the path loss coefficient between different
cells by the three estimation schemes, in comparison to the per-
fect CSI bound. Observe in Fig. 6 that our scheme significantly
outperforms both the LMMSE CE relying on aligned PSs and
the LMMSE CE relying on staggered PSs. Furthermore, the
achievable sum-rate of our scheme approaches the sum-rate of
the perfect CSI bound. The sum-rates achieved by the different
schemes as a function of the number of antennas are shown
in Fig. 7, where it can be seen that the sum-rate achieved by our
scheme approaches the perfect CIS bound, which is substan-
tially better than those of the LMMSE CE relying on aligned
PSs and the LMMSE CE using staggered PSs. The achievable
sum-rate versus the number of cells is investigated in Fig. 8
where, for , the path loss coefficients between the de-
sired cell and its neighboring cells were as specified
in Table I but the path loss coefficients between the serving cell
and the rest far-away cells were set to . It can be seen
from Fig. 8 that the proposed scheme approaches the perfect
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Fig. 6. Achievable sum-rate performance as the function of the path loss co-
efficient by the three estimators, in comparisonwith the perfect CSI bound.
The UL training SNR is for all the three estimators and
additionally the DL training SNR is for our proposed scheme.
The rest of the network parameters are specified in Table I.

Fig. 7. Achievable sum-rate performance as the function of the number of an-
tennas by the three estimators, in comparison with the perfect CSI bound.
The UL training SNR is for all the three estimators and ad-
ditionally the DL training SNR is for our proposed scheme.
The rest of the network parameters are specified in Table I.

CSI bound, and it significantly outperforms both the LMMSE
CE using aligned PSs and the LMMSE CE relying on staggered
PSs. Fig. 9 depicts the achievable sum-rate versus the standard
deviation of all the path AoAs. Observe from Fig. 9 that
all the schemes are only slightly affected by . Again, our
scheme approaches the perfect CSI bound and considerably out-
performs the other two estimators.
In order to investigate the effect of the DL training accuracy

on the achievable sum-rate of our scheme, we set the UL training
SNR to and varied the DL training SNR.
The sum-rate performance attained by our scheme is shown in
Fig. 10, where it is seen that the sum-rate attained by our esti-
mator deviates slightly from the perfect CSI bound only in the
region of the DL training SNR of .

Fig. 8. Achievable sum-rate performance as the function of the number of cells
by the three estimators, in comparison with the perfect CSI bound. The UL

training SNR is for all the three estimators and additionally
the DL training SNR is for our proposed scheme. For ,
the path loss coefficients between the desired cell and its neighboring cells are
set to and the path loss coefficients between the serving cell and
the rest far-away cells are set to , while the rest of the network
parameters are specified in Table I.

Fig. 9. Achievable sum-rate performance as the function of the path AoA’s
standard deviation by the three estimators, in comparison with the perfect
CSI bound. TheUL training SNR is for all the three estimators
and additionally the DL training SNR is for our scheme. The
rest of the network parameters are specified in Table I.

V. CONCLUSIONS

A novel pilot contamination elimination scheme has been
proposed for multi-cell TDD and OFDM based massive MIMO
systems, which relies on the two stages of the DL training and
the scheduled UL training. In the DL CE stage, each BS trans-
mits its DL PSs to its serving MSs for them to estimate the user-
specific DL FDCHTFs, which are then embedded in the MSs’
UL PSs to be used in the second stage of UL training. A sched-
uled UL training procedure allows each BS in turn to estimate
its MSs’ FDCHTFs accurately by eliminating the pilot contam-
ination imposed by the surrounding cells. Unlike some existing
pilot contamination reduction schemes, such as the LMMSECE
relying on aligned PSs and the LMMSECE using staggered PSs,
our scheme does not require the knowledge of the second-order
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Fig. 10. Achievable sum-rate performance of our proposed channel estimator
as the function of the DL training SNR, given the UL training SNR of

, in comparison with the perfect CSI bound. The simulated network is
specified in Table I.

statistics of theMIMOCIRs. A drawback of our scheme is that it
expands the training overhead by a factor equal to the number of
interfering cells. Our extensive simulation results demonstrate
that the proposed estimator significantly outperforms both the
LMMSE CE relying on aligned PSs and the LMMSE CE using
staggered PSs. The ZF precoding aided DL data transmission
based on the estimated FDCHTF matrix provided by our esti-
mator is capable of approaching the average sum-rate bound of
the perfect CSI scenario.

APPENDIX
THE LMMSE CE WITH THE STAGGERED PSS

The signal received at the -th BS during its UL training
consists of the UL pilot transmissions of the MSs in cell and
all the DL data transmissions from all the other BSs, which can
be expressed as

(57)

where is the transmitted DL data of cell
with and is the
FDCHTF matrix connecting the BS of cell to the BS of cell
on subcarrier . The link between the -th antenna of the

-th BS and the -th antenna of the -th BS over the sub-
carriers is represented by the FDCHTF row vector

as

(58)

with the TD CIR vector defined by

(59)

and the complex-valued tap given by

(60)

similar to (3) to (5). Again, we may assume that the path loss
coefficients obey for and

. Note that the -th row and -th column element of
is simply , similar to the definition of .

Recall that the -th row of is denoted as ,
. Let us now define

(61)

(62)

where denotes the -element matrix whose elements
are all equal to one. Note that is the -th column of ,

, with , and let us denote the -th
column of as , , with .
Further define

(63)

(64)

(65)

(66)

If we denote the -th row of by , where
, we can alternatively express as

(67)

Similarly, we can define as an alternative representation
of . Then it follows from (57) that

(68)

Then the LMMSE estimator of is given by [1]:

(69)
where is given by

(70)
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However, , and are unknown, and several as-
sumptions have to be made. Specifically, it is assumed that 1)
the channel coefficients of the different channel links in the
serving cell are i.i.d. with zero mean and a covariance matrix
of ; 2) the DL transmitted data of the other
BSs are also i.i.d. with zero mean and a covariance matrix of

; and 3) the approximation of
holds for large [1]. Under these assumptions, we have

(71)

(72)

(73)

The LMMSE estimator of is then given by [1]

(74)

The estimate of is obtained by taking the first

elements of .
The LMMSE estimator (69) for MS is contaminated by the

other MSs scattered in the same cell. To clearly see this
contamination, let us consider the ‘ideal’ case of no inter-cell
interference and no channel AWGN, namely, the path loss co-
efficients between cell and the desired cell and
the AWGN’s power . Invoking (58)to (60) and (66), we
have , where represents the -el-
ement matrix whose elements are all equal to zero. Therefore,
we can rewrite of (70) as follows

(75)

Hence, the LMMSE estimator of given in (69) can be
approximated as

(76)

Substituting of (68) and the assumption of into
(76) leads to

(77)

where is given by

(78)

Observe in (77) that the estimator is actually a bi-
ased estimator. Note that the LMMSE CE using the staggered
PSs of (74) requires the following information: a) the FDCHTF
matrices between the BSs of cells for and the BS
of cell ; and b) the covariance matrices of the FD-
CHTFs , namely, all the path loss coefficients (as-
suming for and ) for

.
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