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1 Introduction

An integral transform relates an input function f(¢) to an output function 7 f(u) by the relation

Tf(u) = / S aAtK (tu) (1) (1)

t1

where K(t,u) is a function of two variables, known as the kernel of the transform. There are
many useful choices of K (¢, u) and each choice defines a different integral transform. The functions
(f(t),Tf(u)) are sometimes referred to as integral-transform pairs. The introduction of such a
transform in a given problem may be advantageous if T'f(u) can be determined more easily than
f(t); for example, f(t) may satisfy a differential equation while T f(u) may satisfy an algebraic
equation. Most useful kernels have an associated inverse kernel K ~!(u,t) which gives the inverse
transform .
2
£ = [ duk w07, )
75
A symmetric kernel is one for which the kernel and inverse kernel coincide.

The most commonly used integral transforms are infinite, i.e. the range of integration is infinite,
and the most popular integral transforms are Laplace transforms; Fourier transforms (also called
complex Fourier transforms or exponential Fourier transforms); Fourier sine and cosine transforms
and the Hankel transform. We will consider all these transforms - their properties and their
applications - in this module. For example, the Laplace transform is defined as

fo)= [ e, 3)
0
i.e. the integral over t extends over the positive real axis. In this case the kernel is
K(s,t) =e " 4)

Note that notations for integral transforms vary widely; there are no universal conventions for the
labels of the arguments of the kernels, and notations for the transform itself also vary. Engineers
typically use (s,t) for the Laplace transform, with ¢ being interpreted as a time coordinate, and
(k,x) for the Fourier transform, with z interpreted as a spatial coordinate. However one can
equally denote the Laplace transform as

F(k) = / " f@)e e da, (5)

where the function f(x) is viewed as being dependent on a spatial coordinate z.

Many other infinite transforms have been studied and tabulated. For the transform to be
useful, it is important that one can explicitly calculate the required integrals. For the Laplace and
Fourier transforms the required integrals can generally be computed using complex variable theory
methods and extensive tables of integral transform pairs also exist.

2 Complex variable theory

2.1 The fundamental theorem of algebra
Complex numbers arise as a natural extension of the number system:

e Within the natural numbers (x € N) one can solve 2+ 2 = 3, but not 3+ z = 2;



Within the integer numbers (x € Z) one can solve 3 + z = 2, but not 2z = 3;

Within the rational numbers (z € Q) one can solve 2z = 3, but not z2 = 2;

Within the real numbers (z € R) one can solve 2 = 2, but not 22 = —2;

Within the complez numbers (z € C) one can solve any polynomial equation.

The fundamental theorem of algebra: Every (nonconstant) polynomial with complex co-
efficients has at least one zero in C.

Corollary: A polynomial of order n has exactly n zeros (roots) in C. Roots may occur with
multiplicity, i.e. the roots may be coincident.

2.2 Cartesian and polar representations

A complex number z can be written in the form z = z + iy where x and y are real numbers and
i? = —1. We call  the real part of z and denote it by Re z. Similarly, we call y the imaginary part
of z and denote it by Im z.

A complex number can also be written as z = re'” = rcos@ + irsinf. Here r = |z| is called the
modulus or absolute value of z and 6 = arg z is called the argument of z. Note that argz is not
uniquely defined: we can add any integer multiple of 27 to arg z without altering z.

The two representations

0

2= +iy=re (6)

are linked by
x =rcosh, y=rsinb, (7)
r? =z 492, tan@z% (8)

Since z = re? = "¢ = 7+ the complex natural logarithm function In is given by
Inz =1In|z| +iarg 2. 9)
Argand diagrams The relationship between Cartesian and polar representation of complex

numbers becomes clear on an Argand diagram - see Figure 1. This represents the complex plane
by a Real and an Imaginary axes (horizontal and vertical respectively, referring to x and y).
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Figure 1: A complex number is represented by a point in the complex plane.

The complex conjugate of z is defined to be

Z=x—iy=re . (10)



From the definitions it follows that
|Z| =|z| , argZ= —argz and zzZ=1? . (11)

In the complex plane Z is a reflection of z in the x-axis.

I
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Re

Figure 2: Examples of disks in the complex plane.

Disks in the complex plane A circle of radius r with centre a in the complex plane has the
Eq.
|2 —a =, (12)

where a can be complex and r is real and positive. The inside of the circle
|z —al< T, (13)
is called an open disk. If we include the boundary it becomes a closed disk:
|z —al< 1. (14)
If we remove the point a from the disk it is called a punctured disk - such a disk is usually open:
O<|z—al<r (15)
but can also be closed:

0<|z—a|]<r (16)

2.3 Holomorphic and analytic functions

Complex functions A mapping f which maps a complex number z to a unique complex number
w, that is w = f(2), is a function. We will later look at mappings such that w is not unique; these
multifunctions (see section 2.11) are not true functions but mappings. For example, In is not a
proper function of z, since arg z is not unique.

The complex derivative We say that f is differentiable at z if

) et L = 1)

h—0 h (17)
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Figure 3: In this definition the limit must be independent of the direction in which the complex
number h approaches zero.

exists. When it exists, the limit is called the derivative of the function f at z, and is denoted by
1'(z). To calculate the complex derivative of f(z) we need to consider

h = dx + idy. (18)

Notice that for the limit in Eq. (17) to exit, it must be independent of the direction in which h is
taken to zero.

If the derivative of f exists everywhere in a domain D, then f is called holomorphic on D.
A function which is holomorphic on C is called entire.

Cauchy-Riemann equations Let f(z) be holomorphic in a certain domain, and let z = x + 4y.
It is often convenient to write

f(2) = u(z,y) +iv(z,y), (19)
thereby splitting the complex function f into real and imaginary parts just like z. Then using (18)

= 20
h ox + idy. (20)
Take first dy = 0 (so, approach with h to zero along the x axis). Then h = dz, so that
1imh_>0 f(z-‘rh}z—f(z) _ hméz—)O U,(JU + 5337 y) + Zv(x + (537, y) — U(I7 y) — Z’U(Z‘, y)
ox
— limg, o u(@ +02,y) —ulz,y) v+ o) —v(z,y) (21)
oz ox

= Um(x,y)+zvm(x7y)

If, instead, we take dz = 0 (i.e., approach with h to zero along the y axis), then h = idy and we

obtain ) )
feth)—fz)  uwl@y +0y) + vz, y + 0y) — u(z,y) —iv(x,y)
) -

0y (22)

limy, 0

= —iuy(x,y) 4+ vy(z,y).

Now, if f(z) is holomorphic, then limy,_q M = f'(z) does not depend on the direction,
and the two expressions must be equal:

up +iv, = f(z) = vy —iuy (23)



Taking the real and imaginary parts of f'(z) and equating them we obtain the Cauchy-Riemann
equations:

’ Up = Uy, Uy = —Vg. ‘ (24)

Now assume that u(x,y) and v(z,y) are twice differentiable, and that their first and second
derivative are continuous. (In fact, as we shall see later, if f(z) is holomorphic, v and v are
automatically guaranteed to have continuous partial derivatives of all orders!) By taking another
derivative of the Cauchy-Riemann equations, we obtain

Upy = Vyg = —Uyy, Uyy = Ugy = —Vgg, (25)

and hence

’um + Uy =0, Vg + Uyy = 0. (26)

We find that u(x,y) and v(z,y) both satisfy Laplace’s equation. Such functions are called
harmonic.

Conversely, it can be shown that if u and v obey the Cauchy-Riemann equations, then f = u+iv
is holomorphic. Hence:

fis if and only if w and v satisfy the
holomorphic & Cauchy-Riemann equations
(and have continuous first derivatives).

Example: Show that f(z) = 2? is holomorphic for all z € C.
fz) = 2% = (z +iy)* = (a® —y®) +i2zy s0

u =x2—y> v =2y

Uy = 2T vy = 2% (27)
Uy = —2y Uy = 2y

Hence u; = v, and v, = —uy = The Cauchy-Riemann equations are satisfied
= f is holomorphic.

Analytic functions A function f is analytic if it is locally representable by a power series (see
section 2.4 below). It may be shown that the properties of analytic and holomorphic functions are
equivalent:

fis if and only if fis
analytic & holomorphic.

so that we can use the Cauchy-Riemann equations to test if a function is analytic.

Example: Determine whether f(z) = Z is analytic.

f(z)=z=x—1iy, so
u =z v =-Y
Uy =1 v, =-1 (28)
Uy =0 v, =0

Hence vy= — uy but uz7#vy, = The Cauchy-Riemann equations are not satisfied
= f is not holomorphic and not analytic.
More generally, functions of Z are not holomorphic and not analytic.

2.4 Taylor series

Suppose that f(z) is analytic in the open disk D = {z : |z—a| < r}. Then, one can show (although
we do not prove this here) that the following holds:

1. f(z) has derivatives of all orders, f/, f”, f, which are all analytic in D. (This is a striking
result, that has no analogue in the world of real-valued functions. Think of the real function

f(z) = 23/2. Tt has a continuous first derivative, but its second derivative fails to exist at
xz=0.)



2. At any point in D, f(z) can be written as

> () (g
flz) = Z an (z —a)", where a,, = [ (a) (29)
n=0

n!

and £ denotes the n-th derivative of f. This is called the Taylor series of f(z) about
z = a. The Taylor series converges (uniformly) anywhere in D.

3. The derivatives and integrals of f can be found through term-by-term differentiation or
integration of the Taylor series. For example,

f(z) = Z nay(z—a)" L (30)

Radius of convergence The region of convergence of the Taylor series is always a disk, so that
there is some R for which the series converges for all |z —a| < R, and diverges for all |[z—a| > R. (If
f is analytic in the whole complex plane then R becomes co.) R is called the Radius of Convergence
(RoC). It can be thought of as the largest possible r for which (29) is true, or, equivalently, the
distance to the nearest point (from a) where f is no longer analytic.

Example: Find the Taylor Series of f(z) = 1 about z = 0 and state its RoC.

Since f is analytic at z = 0 (can you prove that?), we can choose to calculate its derivatives at this
point by taking the limit along the real axis (as the direction does not matter). This is convenient,
since we can then treat f as a function of a real variable z, and calculate the derivatives of f(x)
in the usual manner: f'(z) = (1 —2)72, f”(z) = 2(1 — 2)~3, and so on. We find that the standard
binomial expansion applies:

f)=1—-2)""t= Z Z". (31)
n=0

We know that this converges along the real axis for |z| < 1. Since the region of convergence must
be a disk, we conclude that the expansion converges on the complex plane for |z| < 1. Hence,
RoC=1.

Example: Find the Taylor Series of f(z) = 1= about z = 3 and state its RoC.

Again, f is analytic at z = 3, and we can use the binomial expansion (this time with respect to
the variable z — 3) to obtain

===t =1 (- (32)) =42 () @

which converges for |252] < 1 = |3 — 2| < 2 = RoC=2.

These results become intuitive if we sketch them on an Argand diagram—see Figure 4.

Binomial Expansion The Binomial series often offers the quickest way in deriving power
series:
(1 _|_ Z)k — 1 _|_ kZ _|_ k(k2_1) 22 + k(k_lg)!(k_Q) 23 _|_ . _|_ k(k_l)(k_Q)'”(k_(”_l)) Zn _|_ .

n!

(33)

Zk(k—1)---[k—(n—1
1+ Z ( ) lk=(n=1) 2" which converges for |z| < 1.
— n!

Many functions have well known power series, and hence RoC’s. These are the same as for their
real counterparts, with = replaced by z. In all cases the RoC about any point a is determined by
the location of “problem points”: these are the singularities of f (see Section 2.6).
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Figure 4: We might expect the function f(z) = not to be analytic at z = 1.

2.5 Laurent series

If f(z) is analytic in an annulus (ring) A = {z : r < |z — a|] < R}, then there exists a Laurent

series such that for all zin A -

f(Z) = Z Cn(z - a)n’ (34)

n=—oo

where the coefficients ¢,, are unique but not equal to (f(™)(a)/n!). The part Z;iioo with negative
powers is called the principal part of the Laurent series. The Laurent series converges uniformly
in A, and can be differentiated or integrated term-by term in the same way as Taylor series.

The smallest possible value of r and the largest possible value of R are again determined so
that the annulus is squeezed between the nearest singularities (see figure 5).

Im

Re

Figure 5: A Taylor series exists inside an analytic disk. A Laurent series exists inside an analytic
annulus. Singularities are indicated by crosses.

If z = a is itself a singularity then there is no Taylor series, since the disk D = {z : |z —a| < 0}
is empty. If z = a is a singularity and R is the distance from a to the nearest singularity, then a
Laurent series exists on the punctured open disk 0 < |z — a|] < R.



Example: Find the Laurent series of f(z) = 1iz about z = 0 and state its annulus of convergence.
We found previously that f had a Taylor series about z = 0 within D = {z : |z| < 1}, i.e., with an
RoC of 1. This was due to a singularity at z = 1. We might expect a Laurent series of f about
z = 0 to be valid for {z : 1 < |z|}, if there are no other singularities of f(z). Using the binomial

expansion again we find

f&= th=rs=-10-1"

= _% 1010:0 (%)n = ZZO:O (%)n+1 = Efnozl (%)m = ’:Li—oo Z".

The binomial expansion is valid for B‘ < 1, i.e., the Laurent series is valid in the (semi-infinite)
annulus A = {z:1 < |z|}.

Note that this Laurent series has negative powers of z, unlike a Taylor series; in general, of course,
the Laurent series has both positive and negative powers.

(35)

2.6 Singularities

A point a is a regular point of f(z) if f is analytic at a. The point a is a singularity of f(z) if
a is a limit point of regular points which is not itself regular.

The point a is an isolated singularity if f(z) is analytic on the punctured disk {z : 0 <
|z — a|] < r} for some r > 0.

If there exists no r > 0, however small, such that f(z) is analytic on {z : 0 < |z —a| < r}, then
a is called a non-isolated essential singularity, but we will not be dealing with these in depth
here.

> X

Figure 6: Isolated singularities.
There are three types of isolated singularities:

Removable singularity The point a is a removable singularity if the principal part of the
Laurent series about a is zero.
Example: The Laurent series for %sinz about z = 0.

zlsinz=2""(2-2"/6+...) = 1-2%/6+... (36)
So >0 ez =Y 07, cnz™ because ¢, = 0 for all n < 0; the principal part of the Laurent

n=—oo
- ) -1
series is zero, i.e.,, =) = c,2" =0.

As power series are unique this is equivalent to the Taylor series.

10



Essential singularity The point a is an isolated essential singularity if the principal part
of the Laurent series has an infinite number of terms.

Example: The Laurent series for e'/# about z = 0.
1 =11\ &1, ° 1
m{gzg%“ﬁ)zg&& - Y (37)

The values of n for which c¢_,, # 0 form an infinite sequence.

Poles The point a is a pole of order k if ¢c_j # 0 and ¢, =0 for all n < —k.
Since k is lowest power of (z — a) we have

f(z) = Z en(z —a)™. (38)
n=—=k

Another way of stating this is that

F(2)(z = a)* (39)
is an analytic function. Hence
9(2)
- 4

6= o (40)

where g(z) is an analytic function. It is often convenient to work out the Laurent series for f(z)
by using the standard Taylor series expansion for the analytic function g(z).

Example: The Laurent series for z—z about z = 0.

Let= 2 <1+z+§+%+...>:z*2+z*1+%+éz+...
(41)

_ © 1 .n—-2 _ oS} 1 m
= Yol ? = Ym——2 Gara?

A pole of order 1 is called a simple pole. A pole of order 2 is called a double pole. Poles of order
three and higher are usually referred to as such, although can be labeled triple etc.

2.7 Residues

The coefficient ¢_; is called the residue of f at a and is denoted by Res(f : a).

Note that a removable singularity has no residue, since c_; = 0 as part of c_.1 =c_3 =c_3 =
... = 0. Both poles and essential singularities have residues since ¢_; # 0 in general, although we
can have a residue of zero in these cases (but recall that non-removable singularities would always
contain at least one non-zero negative coefficient in their Laurent expansion).

It is important for us to calculate residues quickly as they are used a great deal in complex
integration.

If a is a pole of order k, then its residue is

1 g\ *D
Res(f : a) = FEo1 Zh_rg (dz) (z—a)* f(2) (pole of order k only) (42)
(Proof by calculation from the Laurent series.) For a simple pole (k = 1) this general formula

reduces to
Res(f : a) = lim(z — a) f(2) (simple pole only). (43)

z—a

A special case: For functions f of the form
_ g(2) _ —k
f(z) = m = (z—a) "g(2), (44)
where g is nonzero and analytic at a (i.e. a pole of f(z) of order k at a) we have:

1
ﬁg(k_l)(a)’ (pole of order k only). (45)

Res(f :a) = o1

11



A special case for simple poles: For a simple pole of the form

7z = ) (46)

(z—a)’

where g is nonzero and analytic at a we have

Res(f : a) = g(a) (simple pole only). (47)

More generally, for simple poles: If f is given in the form

_9(2)
f(z) = W (48)
where g and h are analytic at a, with g(a) # 0, h(a) =0, and h'(a) # 0, then
Res(f :a) = i/(((z)) (simple pole only). (49)

(Proof by calculation from (47).)
For poles of higher order not of the form (44) it may be necessary to apply the general formula

(42), or obtain the Laurent series directly (up to c_1). In the case of essential singularities Eq. (42)

no longer applies, and the only way to obtain the residue is by deriving the Laurent series (up to

C_1).

Example: Find the residues of all the real singularities of f(z) =

2
(z—2)z(22+1) :
The singularities of f(z) are given by considering

(z=2)(22+1) = 0 = (z—2)(z+1)(z —i); (50)

hence f(z) has simple poles at z =2, z =4 and z = —i.

For this question we need only consider z = 2.

We note that f(z) only has one zero (root), which is at z = 0. Hence the singularity at z = 2 is
not removable. The residue is

Res(f : 2) = lim (2 — 2) S N A R A (51)
By (z—2)(z2+1))  252(z2+1) 2241 5
Example: Find the residue f(z) = m at z = —2.
z = —2 is a pole of order three.
.1 3 1 . 1d (-2 .1 /+6 3
Res(f:=2) = lim 51 <<Z+2> (+2)3> =l o% (3) = fim, 5 ( =16
. (52)
Example: Find the residue of all singularities of f(z) = %
Let g(2) = cosz + 23 and h(z) = sin 2.
f has singularities whenever h(z) =0, i.e. z =nn, n € Z. These are simple poles.
In addition, h'(nw) = cos(nm) # 0 and g(nw) # 0, so we may use (49):
glnm)  cosnr+ () (—1)" + s
R : = = = =1 -1 . 53
es(f ) B (nm) cosnmw (— 1) + (=)t (53)
And so, we have Res(f : 0) =1, Res(f :7) =1— 73, Res(f : 271') =1+ 873,
The Laurent series of f(z) about the singular points z = 0,7, ... have the form
1 =z 5 23
Sy 4
fE0) =2 i+ 2 (54)
1— 73 1 2
flz;m) = Z_7; — 3n% — ( +37r—|—3> z—m) — <1—|—7r2>(z—7r)2+..., (55)

and so on. We can see, as a check, that Res(f) are given by the coefficients of z~* in these
expansions. This is expected, as all the poles are snnple

12



2.8 Contour integration, Cauchy theorem and residue theorem

Contours We are used to integrating a real function along the real line: considering the value of
f(z) as x ranges between « and S say and finding the area underneath.

For integration over a complex variable z we move in two dimensions across the complex plane.
Because of this it is not only the end points that are important but also the route across the
complex plane between them.

A curve 7 is the graph of a continuous function z(t) from a real interval @ < t < b to the
complex plane:

v = {z(t) :a <t < b} (56)
We will call z(t) together with the interval [a, b] the parameterised curve.

If z(a) = z(b) then ~ is closed.

If 2(t1) = 2(t2) only if t; = ts for all ¢ € (a,b) then ~ is simple, which means that it does not
intersect itself. Note that this does not include end points.

A contour, also called a path, is a finite sequence of directed smooth curves. Contours can
be open or closed; we will restrict to simple contours in what follows. When we integrate complex
functions, we usually do so over contours, not just real intervals.

Since a closed path starts where it finishes we need to also define its orientation. By convention
we take the integration in the anticlockwise direction.

(See Figure 7 on the next page.)

Integration along a contour The integral of a function f(z) along a curve ~ is given by

b
/ f(2)dz = / F(2(8) (1) dt, (57)

where the curve is parameterised as z(¢) with ¢ real. The value of the integral does not depend on
the choice of this parameter ¢ but only on the curve 7. (Proof by change of variable from ¢ to 7, for
an arbitrary monotonic function ¢(7).) Note however that the direction of the integral is affected
by the orientation of the contour—this is why we need a convention (anticlockwise). To go in the
opposite direction would result in a change of sign.

Example: Integrate the function (z — a)™ around a circle with radius r and center q, i.e., find

I, = fC(a:r)(Z —a)"dz.
The integration contour is v = {z : |z — a| = r}: This can be parameterized as
2(0) =a+re? : 0<6 < 2. (58)

(Whenever the contour is circular it is more common to label the contour by the parameter 0, i.e.
the polar angle, range than by ¢.) Since z() = a + re'? = 2 (0) = irel?, and so:

27 27
I, = / ((a+rei9) fa)nireiedQ = ir"“/ et (59)
0 0
prtl i(n 27
- T [e ( +1)9]0 =0, for n # —1 (60)
2'[9]37r =2mi, forn=—1.
This result is important for the Residue Theorem later on:
/C(a:r)(z - a)n 4= = { (2);'('2, Z i :17 for any r. (61)

Cauchy’s Theorem Let f(z) be a function which is holomorphic in a region D containing the
contour . Then

/f(z) dz = 0. (62)

This is the single most important theorem in complex variable theory. It follows directly from the
Cauchy-Riemann equations, and it can be proved in a similar way to the proof of Stokes’ theorem
in vector calculus.
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Figure 7: Curves in the complex plane.
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Figure 8: The circle C(a:7) ={z: |z —a| =7} ={z2(0) =a+7re? : 0 <0 < 27}.

Cauchy’s Residue Theorem Cauchy’s residue theorem tells us how to integrate functions with
isolated singularities over closed contours.

Let f be holomorphic inside and on a contour 7 except for a finite number of poles {a;} inside
(not on) v. Then

/ fdz=2mi Z Res(f : ax). (63)
K singularities ay
of f(2)
inside
Proof outline: Cauchy’s residue theorem follows from Cauchy’s theorem and (61)—see fig-
ure 9. Each isolated singularity aj can be covered by a disk Dy with boundary C(ay : ), with
a sufficiently small radius r; so that no disk overlaps another. This implies that a; is the only
singularity inside Dj.
Inside this disk f(z) has Laurent series

f(z) = Z Cn(Z — G,k)n, (64)
so that s
/ z)dz = / en(z —ax)" dz
C(ak:rk) C(ak:""k) n=-—oo

Il
o
3
~
I
o
Eal
S~—
3
U
Q

Ne—oo C(ag:ry) (65)
_ i . 27i, n=-—1
L 0, n#-1

=2mic_; = 2miRes(f : ay).

Remember that by definition the contour C(ag, r) is orientated anticlockwise.
Now consider the contour v* consisting of going around ~ anticlockwise, down to each disk and
around each disk clockwise. There are no singularities inside v* so that

/* f(z)dz = 0. (66)

15



Re

Figure 9: An example to show why the residue theorem holds true.

Here the up and down contours cancel each other out, since they are the same integral but in
opposite directions, so that v* only consists of:

v going anticlockwise, with all the circles C(ag, ) going clockwise.

Hence

0—/7* f(2)dz = +Lf(z) dz — zk:/C(am)f(z)dz (67)

/f(z) dz = Z2m’ Res(f : ag)- (68)
v k

The deformation theorem states that the integral around a closed contour is unchanged as
the contour is deformed, provided that the singularities contained within the contour remain the
same. One can therefore deform the integration contour without changing the value of the integral
providing that the deformation does not cross any singularity.

2.9 Cauchy integral formula, NP integral, argument principle

A nice consequence of the residue theorem is the Cauchy integral formula: Let g(z) be analytic
on and inside the simple closed curve v. Then

1 [ 9(2)
— dz = 69

2mi J,z—a 2= gla) (69)
This is proved by applying the residue theorem to the function g(z)/(z — a), which by assumption
has a simple pole at z = a.

Example: Evaluate the integral f(z) m about the following contours:

(i) C(0: 3); (ii) C(0 : 3); (i) C(1: 3); (iv) C(2: 3).

16



Cauchy’s Theorem is independent of the contour, The Residue Theorem is independent of the contour
provided it remains inside an analytic region. provided the singularities inside remain unchanged.

Figure 10: The Deformation Theorem.

Im

Re

dhy

Figure 11: Sketch diagram for f(z) = WI(Z—Q)

Singularities: The function f has a pole of order 1 at z = 2 and pole of order 2 at z = 1.

Res(f 12) = lim(: = 2)f(2) = I 5B = | = @-pFoL ()
1. d o d L L
Res(f:l)zmllﬁm1 %(z—l) f(2) —iﬂa(z—Q) = —(2-2) |Z:1 =-1. (71

Alternatively we could look at the Laurent Series of f about each singularity to find the coefficient

17



of ﬁ: e.g, for z =1

_ 1 _ 1 S| -1
) === = e o) — o - (- 1)

=t I+ E-D+E-1)°+..)=—(Hp—ep - l-@gp—--Fc1=-1L
(72)

1
(i) f(z) has no singularities inside C(0 : 5) f(z)dz =0.
C(O:%)
(#i) f(z) has the singularities z = 1 and z = 2 inside C'(0: 3) =

/ f(z)dz = 2mi(Res(f : 1) + Res(f :2)) =2mi (1 — 1) = 0. (73)
C(0:3)
(iii) f(z) has the singularity z = 1 inside C(1 : %) =

/ f(z)dz = 2miRes(f : 1) = —2mi. (74)
o

2

(iv) f(z) has the singularities z =1 and z = 2 inside C(2 : 3) =
/ F(2)dz = 2mi (Res(f : 1) + Res(f : 2)) = 0 (75)
C(2:3)

Example: Find the integral of ﬁ about each of the contours 7y, 71, V2, V4,75 in figure 12.

Figure 12: Sketch diagram for f(z) = 5 !

—z4

flz) = ﬁ has singularities when z* = 1: it has four simple poles at z = 1, —1,4, —i. This

may be shown by considering
A =1 =0 = O0HR) pez (76)
This gives the roots as:

2k = (eiQﬂ'k)Z — ei27rk/4: eiﬂ'}’c/Q7 k=0,1,2,3. (77)

18



Using additional values of k simply duplicates these roots; a fourth order polynomial has exactly
four roots.

Hence the roots are e =eV=1e
Using the “g/h’” rule we then get

im0/2 it/2 _ i eim — -1, eiﬂ'3/2 _ e—iﬂ'/2 ——

1 1 _
Res(f : Zk;) = Res (1_24 : Zk) = E =—=Z%, = = ——. (78)

Explicitly, Res(f : 1) = —1, Res(f : =1) = 1, Res(f : i) = —%, Res(f : —i) = £ so that

[, fz)dz =0;
-1 1 .
f’yl f(z)dz —271'@. (T.+ ;) =0;
[, fz)dz = 27Tz. (%1 + il) =0 (79)
S f(2)de =2mi(F+ i+ +4)=0;
[, f()dz =2mi(3+ 1) =5 (=1+10)
Example: Evaluate the integral of f(z) = m about C(0 : 1); to find any residues first

derive the Laurent Series.
The function has simple poles when sin z = —1, but these are not inside C(0: 1).
f(z) has a double pole at z = 0. Expanding about z = 0:

fsins =1ttt o — lmeg. =~ 1 1y (80)
sinz = 2= 4... — =1—z+... I
3! 1+sinz 221+sinz 22 =z
= c1=-1= f(2)dz = 2wiRes(f : 0) = —2i. (81)
C(0:1)

Principle of the argument Counsider a function f(z) as z travels along a contour «. The curve
traced by f(z) is called the image of v under f and is denoted by f(7).

\\.ﬂz@]

Figure 13: The path f(v) traced by f(z) as z follows the contour 7.

We define the Winding Number W as the number of times f(z) winds around the origin
(zero) as z goes along 7.
If N is the number of zeros of f(z) inside 7, counted by their multiplicity
and P is the number of poles of f(z) inside 7, counted by their multiplicity  then

W =N - P (82)
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This is the Principle of the Argument (or Argument Principle) and is used in Nyquist theory:
see section 7.

Proof outline: Consider f near a zero a of order n. Then f(z) = (2 — a)"g(z) where g(z) is
analytic (and nonzero) at a. We have

;m[Y J;(f)) dz = % A (z i " + g;((;))) dz = % (2min +0) =n. (since ¢’/g is analytic)
(83)

Therefore, each zero of f contributes its multiplicity to the integral.
Similarly, consider f(z) near a pole b of order p. Then f(z) = (z — b)"Ph(z) where h(z) is
analytic (and nonzero) at b. We have

1 f(2) 1 —p  h(2) 1 . . . .
— =— T - (=2 = —p. (s s anal
o [y 0 dz omi |, (z 5" 0o dz 5 (=2mip +0) p. (since h is analytic)

(84)
Therefore, each pole of f contributes its multiplicity to the integral, with a minus sign.
The integral 2m f7 f(z) ) 7 is sometimes referred to as the zero and pole counting integral.
On the other hand, we note that ff((zz)) =4 (In f(2)) so that
f'(2) 1L [d
— dz = — [ —(1 d 85
ori |, F(z2) 2ri /. dz (In.f) d= (85)
1 d

= o [ TmlEd + o / L fiarg(Ndy = 0 + iz =(38)

2mi dz 211

Every time f(z) goes round zero once, In|f(z)|, the real part of In f(z), remains unchanged while
its imaginary part, the argument of f(z), increases by 2.

2.10 ML estimates

We will often need to show that the integral along a curve vanishes as the curve is taken out to
infinity. Consider a function f(z) which is bounded so that it satisfies

lf(2)] <M (87)

for some real number M.
Let the length of the curve v which we are integrating along be given by L; technically this is

defined as
v

and it is particularly simple to work out when our contours are combinations of straight lines and
circular arcs.
Then an upper bound on the absolute value of the integral is

/Vfdz

If ML — 0 in some limit then so does the absolute value of the integral. Sometimes this estimate
is not sharp enough, that is, the integral vanishes but lim M L does not. Then we need a better
estimate than an ML estimate

Example: The integral of 2+ > (a #0) about C'(0: R) ={z:|z| = R}.

~v=C(0: R) is a circle with radlus R and so has length 27 R.

The largest value of |f(z)| = m when |z] = R > |a| is given by Rg+|a|2 (see Figure 14, and
the triangle inequalities below). Hence

(88)

<ML. (89)

21R

¥ B (90
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Im

2 2026
a+Re ‘

Rz—lgﬁ/

Figure 14: The smallest value of |22 + a?| = |(Re?)? + a?| is given by R? — |a|?.

If we let the circle grow to cover the entire complex plane, R — oo, then

2R .
R —Jaf — 0, so that ngnoo /VR f(z)dz=0. (91)

If we let the circle shrink down to a point at the origin, R — 0, then

2R

YR

(Both results are expected from the Residue Theorem: f(z) has two simple poles at +ia, with
corresponding residues £1/(2ia). For R > a the contour C'(0 : R) contains both poles, and since
their residues are equal and opposite in sign, the integral vanishes. For R < a the contour does
not contain any singularity and the integral vanishes by Cauchy’s Theorem.)

To work out the maximum modulus of the integrand it is often useful to apply the triangle
inequalities. For any complex numbers z; and zs,

|21 + 22| < [21] + |22 (93)
while for any complex numbers z3 and z4
|23 — 24| > |[23] — |al|- (94)

(In the latter equality the overall modulus takes the absolute value, as |z3| — |2z4| can be negative.)
Consider now
(2’1 + 2’2)
(23 + 24)
The modulus of this expression is maximised when the modulus of the numerator is maximised
and the modulus of the denominator is minimised. Therefore, applying the triangle inequalities,
we obtain

(95)

(Zl + 22) _ |Zl + 22| |Zl| + |22| (96)
(23 +21) | lzs 4z = llzs| = |aall’
where we used | — z4| = |24]-
For example, if
1
=0 97
fE) = o (97)
with o an arbitrary complex number
1
f(2)] € - (98)
24| = ledl
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Small circular arcs Imagine that the function f(z) which you are considering has a simple
pole a sitting on the contour you would like to integrate around. One way around this is to
circumnavigate the point a with a small circular arc—see Figure 15. (In practice we are usually
interested in semi-circular arcs or circles.)

Im

Re

Figure 15: A singularity may be avoided by going around it in an arc.

Our arc with radius € is given by 7. = {2(0) = a +ee? : §; < 6 < 65} and should be orientated
anticlockwise. Hence

02
(2)dz = / f(a+ eeie) iee'? df. (99)
Ye 01

Because f(z) has a simple pole at a, we can write

Res(f : a
£(2) = g(e) + 10 (100)
z—a
where g(z) is analytic. Then
b2 ; Res(f : .
. flz)dz = /91 [g(a +ee®) + a—iﬁ)be(ej;f)a} ice?do
6o ) ) 6>
= / gla+ ec)ice’dd + Res(f : a) / idf (101)
91 91
= e/ g(a+ee®)ie?dd + iRes(f : a) (A — 01).
01
Now as € — 0 the first term — 0, and we obtain
lim/ f(z)dz =1 (02 —01) Res(f : a). (102)
e—0 e
If v = C(0 : €), given by 6; =0, 6 = 27, then this reduces to the Residue Theorem.
If we circumnavigate the singularity with a semicircular arc
Ye={z(0) =a+e?:0<0 <7} (103)
then the integral becomes
liH(l)/ f(z)dz =imRes(f : a). (104)
e—

€
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2.11 Multifunctions

The archetype for all other multi-valued functions is the multi-valued function In z, and so we
consider it as a prototypical example. Recall that

Inz = Inr + 0

= In|z| + iarg(z) (105)

z Logz=Inr + i0
=Inr + i(6+2m)

y
0
/\j\ Re

Figure 16: In z is a multifunction.

If we move z around the origin on a closed curve in an anticlockwise direction, coming back to
its starting point, then the value of z is unchanged. Re In z = In |z| also goes back to its starting
value, but Im In z = arg z has increased by 2w. Therefore In z is multi-valued—it is not a proper
function.

Branch points Note that In z is not defined at zero, because In |z| is not. The change in Im In 2
depends only on how often one goes around z = 0, not on the shape of the curve. The point z =0
is called a branch point of In z.

The function z® can be written as

20 — ealnz _ ea(ln|z|+iargz) _ |Z|a6iaargz. (106)

As z goes around zero, 2% keeps its modulus, but changes its argument by 2aw. Therefore z = 0 is
a branch point of z* unless a is an integer. If a = 1/n, where n is an integer, then z% goes back to
what it was after one has gone around zero n times. z'/™ is called n-valued; one also says it has
n branches. For irrational a, z* has infinitely many branches; so does In z.

For example, consider z'/2. This can be written as

S1/2 |Z|1/2e% argz _ 7’1/26%0, (107)
where in the latter equality we have switched to polar coordinates. As 6 — 6 + 27
/2 r1/2e§'9+m _ _T1/26'2£0 (108)

i.e. the multifunction picks up a minus sign. This multifunction has two branches, since it returns
to its original value after winding twice around zero.

One can make more complicated multi-valued functions from the multifunctions given above.
For example:
2™/™ is m-valued; sin/z is double-valued; cos/z is single valued (when z goes once around the
origin, /z = —4/z, but cos z is even.)



Branch cuts To make f(z) single valued we can introduce branch cuts into the complex plane.
It connects a branch point either to infinity, or to another branch point.

As long as the path z takes (i.e. the contour it follows) does not cross a branch cut, the function
f(z) is single valued. If we cross the branch cut in any way, the value of the function jumps. The
position of the branch cut is arbitrary, as long as it ends at the branch point (if we think of infinity
as one branch point).

Im

branch point

Figure 17: Multifunctions only jump if a branch cut is crossed.

Going to infinity in any direction can be thought of as going to a single “point at infinity”.
This point is a branch point of, for example, In z in the precise sense that zero is a branch point of
In % If we turn infinity into a point, then any branch cut links two branch points. It is sometimes
useful to make use of the extended complex plane, defined as C U co.

In z has a branch cut going from zero to infinity. One can go to “infinity” in any direction, for
example to 0o, to —ioco, or to (3 — 7)oo.

Example: f(z) =+/2(z—1)
f(z) has the two branch points 0 and 1. f(z) is double-valued around either of them.

There exist two possible types of branch cuts: One linking 0 to 1, and the other linking both
to infinity (see figure 18). Which one we choose will depend on what problem we are considering.

Im ~ Im Im

Figure 18: Possible branch cuts (the dashed line) for f(z) = \/z(z — 1).

Branch cuts define the domain of a function. For In z, the introduction of a branch cuts means
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we restrict the values that 6 can take. For example:
a branch cut from 0 to +oco gives the restriction 0<0 <2,
a branch cut from 0 to —oo gives the restriction —w<6<m.

Contour integration of multifunctions When integrating multi-valued functions we must not
cross a branch cut, since then the integral is not uniquely defined. The same is true if we evaluate
a contour integral using the residue theorem. We can deform the branch cut continuously to avoid
the contour that we want (remember its path is arbitrary, only the end points are important). For
example, the branch cut of In z is sometimes usefully put on the negative real axis.

Im Im T
M e T =@ o
\ ’/ \
N 4 \
S - s \\ -
Re Re
Figure 19: Contours must not cross branch cuts.
1
Example: Integrate f(z) = 41% over an infinite semicircular contour in the upper half plane.
Hence evaluate the real integral I = OOO jii; dx

1
2% = (ret@+2mm)) 2 = r2 ei(51™) (where n € Z) gives two distinct values, namely
e and 7z el(5H™) = _p1/260/2 = f(2) is a multifunction.
f(z) has a branch point at z = 0.
f(2) has simple poles at z = 2i and z = —2i.

On vg, 2z may be parameterized by z(0) = Re? (0 < 6 < 7), so dz = iRe'?d0.

1 0
r2e'z

f(2)dz = 76_0)21361'9 df. (109)
TR

Using M L estimates:

’\/ Reie Rz
< = M. (110)

T A+ R2™| T RZ—4

L = nR,  [f(2)]

Letting the semicircle cover the entire upper half of the complex plane:

3
f(2)dz| < % — 0, R — +oo. (111)
TR
Hence
ngréo/ f(z)dz=0. (112)
) YR

Similarly, letting v, shrink down to a point we have

3
TEe2

f(z)dz

Ye
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Figure 20: A semicircular contour.

Hence

gii% [{E f(z)dz=0. (114)

The line v; may be parameterized by z = z, for
e <z < R. Hence

1

d R 115
L f(z)dz = /6 112 (115)
As € — 0 and R — oo this tends to the integral
e’} 1
€T?2
I = ——dz. 116

The line 5 may be parameterized by z = x, for —R < © < —e. We must be careful now as z
is negative:

—e 1 R 1 R 1 R 1
x2 x2 (-X)2 . X3
dz = de = — der = — — = —dX = —=dX.
o (2) dz /_R4+x2 * /_e i+ 2™ /e 44 (—X)? ! . 4+ X2
(117)
Here in the last two equalities we used the redefinition X = —z with X positive. As ¢ — 0 and
R — oo the last equality tends to the integral
| ——dX =il 118
i pmax =it (118)

where I was the original integral of interest. (Remember that you can always relabel an integration
variable!)

If we consider the entire contour v to be the union of vg, v2, Ye, 71 in the combined limit
€ — 0, R — oo then the integral along v becomes

[i= e ([ o] o)) o

= 0 N ) = (1+9)l.

26



On the other hand, we have the Residue Theorem, which tells us that:

/f(z) dz = 2mi Z Res(f : ar) = 2miRes(f : 2i)

singularities ay,

of f(z)
inside
B . x 11—
= omi % - misE| g = s s \/; = g( +1)

(120)
To obtain these formulae, note that the residue in this case is most conveniently calculated with
what we called earlier the g/h’ formula. The function of interest is

N|=

z

_ 121
z2 44 (121)

f(z) =
To calculate the residue, we identify g(z) = 22 and h(z) = (22 +4). Then h/(z) = 2z giving the
residue used above. We have to be careful when we take the square root: the value of a square
root is most easily calculated by writing the complex number in polar form. In the case at hand,
we remember the standard relation that ¢ = exp(im/2).
Equating (119) and (120), we finally obtain

o 1
€Iz ™
1 = ——dr = —. 122

/0 1227 2 (122)

Note that because I is a real integral our result must also be real.
Compare this to the result from real integration:

g3 1. (2-2yz+=x 1 oo
/0 mdm - [4ln<2+2\f+x)+zarCtan(\/E_l)JfQafCtan(\/ﬁj”rl)L
1 1x 17 1 1 T 1 /7 123)
= —Inl —— Z2) — [ 2In1 - _7) a (
<4n+22+22> <4n+2<4+2<4>)
T
- Z -
2

3 Evaluation of real integrals by contour integration

Given some real integral I = / F(z)dx we can attempt to evaluate it by the following:

I. Choose a suitable closed contour  which will yield the real limits a and b (often 0 or +00).

II. Choose a suitable complex function f(z) such that it is equal to the desired real function
F(z) on the relevant part of the contour.

ITI. Demonstrate, for example by an M L estimate, that the integral of the remaining contour
is zero, or evaluate it explicitly.

IV. Evaluate the integral on the closed contour by residues and equate.

Definite integrals over the real line can be evaluated by closing the integration “at infinity”, for
example with a semicircle whose radius goes to oc.

The best approach to problems is to remember which integrals can be calculated, and with
what trick, and then to derive the details from scratch. The following is a guide to the most
common examples but is by no means exhaustive.

3.1 Semicircle contour: for integrals over the whole real line

Examples of functions can be integrated with a semicircle contour (see figure 21) include
<P
I = / ®) 4 (124)
oo Q)
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< ek p(y) .
and /_oo 0t dz, (125)

where P and @ are polynomials, and Q(z) has no zeroes on the real line. P/Q is called a rational
function.

The order of the polynomial ) must be at least the order of P plus two, in order for the large
semicircle contribution to vanish by an M L estimate.

Im Im

-R R

Figure 21: Closing a contour on the real line with a semicircular arc. The left diagram is appropriate
for £ < 0 and the right diagram is appropriate for £ > 0. Note that we transverse the real line in
different directions.

Whether we close the contour above or below depends on the value of the integrand on the
semicircle, i.e., where z = Re®, as R — oo.

For integrals of the form (124) we can close the contour above or below.

If £ > 0 in (125) then we must close the contour above because e*** is exponentially small in
the upper half plane, but exponentially large in the lower half plane. Conversely, if it is &k < 0 we
must close in the lower half.

If P and @Q are real polynomials, we can take the real and imaginary parts of this integral to
obtain cos kz and sin kz in the integrand instead of e***. For example

< coskx dx < etk dy
SEF = re( | T5) 126
/,oo Lt a2 ¢ /,oolﬂc2 (126)
o d

Example: Evaluate I = /_OO ﬁ

I1F(z)= m is of the form (124) so we choose a semicircular contour, which we may close
above or below.

IT The function f(z) = m is equal to F(x) on z = x.

f(2) has singularities at z = 4¢ , which do not lie on the contour provided R > 1.
IIT Consider the contour « in two parts:

+R 1
F(z)dz = 5 oede = I, R— oo 127
/m () dx /73 (@@ 12" > (127)
T 1 , ™ i0
’/ F(Z)dz‘ = ‘/ fRewde’ < df max IRH76|2
YR 0 ((RezG) +1)2 0 0<6<m ‘RQGZQQ—"—H
(128)
TR

IN

m — 07R—>OO
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Figure 22: the contour closed above.
Putting these together gives
I = lim /F(z) dz. (129)
R—o0 v

IV f(z) has a double pole at z = +i and a double pole at z = —i.
However, only 4+ is inside 7.
We need to evaluate the residues of all the singularities inside .

Res(f(z) : i) = lim < ((z—4)*f(2)) = lim < (z4i) 2 = =202 +1) 7| _, = —2(2i) % = —.

z—i dz z—i dz

Hence

/WM F(z)dz = 2mi (-i) - g (131)

Taking the limit R — oo gives I = 7, which is real as required.
Although we may conclude, by the deformation theorem, that

/ F(z)dz = g for all R satisfying R > 1, (132)
8

it is important to remember that f% =TI and va = 0 only in the limit R — oo. Forall1 < R < o0
this does not hold; instead we only have

/71+/7R=/7:72T. (133)

3.2 Fourier transforms

The Fourier transforms of a function may often be evaluated by considering contour integrals which
include the real line. The same applies to finding the inverse of a Fourier transform.
Example: Find f(z) given f(k) = 2a/(a® + k?), where a > 0.

1 [ 2a

_ ikx
flz) = o ) pra A dk. (134)

This is an integral on the real line of a form we are familiar with: we will use a semicircular contour.
To determine whether to close the contour above or below, we need to find if the exponential
goes to zero (rather than blow up) as the imaginary part of k goes to plus or minus zero. (Here
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we have an inverse FT, and so this exponential is e***, but in a FT it would be e™%*®, so be
careful.) Since the sign of the complex exponential is determined by the sign of x (remember we
are integrating with respect to k) , we need to consider > 0 and = < 0 separately.

Let us first take x > 0 so that we close above (see figure 23).

Im

Figure 23: The integral contour for F'(k) for z > 0.

The integrand given by F(k) = QQTkQ e’** has poles when k? = —a? i.e., k = +ai.

On v, k€Rand —R < k < R, so

+R
2a :
F(k)dk = ke qk 2 R ) 135
[ Fwan = [ e > i) R oo 135

On g, k = Re for 0 < 0 <

2a ik
/ F(k)dk‘ < TR o e — 0, R — oo, (136)
YR

because |e?#*| = |e* Re(R)| |g=eIm(k)| = g2 Im(k) and Im(k) = Im(Re) = Rsind > 0 for 6 € (0,7),
so that e Rsin0 _ 0, R — oo for = > 0.

This is why we had to specify the sign of 2 and (for > 0) close in the upper half plane.

In the limit R — oo we have:

1 ..
f(z) = QTF/WF(k:) dk = -2 > Res(F : a) (137)
singularities ay,
of F(k)
inside
forx >0, f(z) = iRes(af_f_zk2 e*® : ai)
(138)
— ’L( % eiQar ) = e—aT,

Remember, this result is only valid for z > 0. For f(z) when & < 0 we may either repeat the
calculations or use symmetry to note that

forz <0, — f(z) = iRes(ﬁeikz s —ai)
. (139)
— Z( 722?” e—i ax ) — i,
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For z < 0 we close the contour below so that it now contains the singularity —ia and not +ia.
Here we have minus f(x) on the left hand side because going around semicircular contour closed
below in an anticlockwise direction means we integrate F'(k) from +R to —R.

e ¥, x>0,

Hence f(z) = { et p o0 = f(z) = el (140)

Because Fourier Transforms are unique we have thereby shown that

2a

Flel] = oo

(a>0). (141)
Note that this is only valid for a > 0 since otherwise the function f(x) would not have the
property (198).

3.3 Box contour

When the integrand F'(z) has an infinite number of poles spaced equally along the imaginary line,
we may wish to avoid having to sum over an infinite number of residues. In such cases F'(z) often
has the property

F(z+ia) = CF(2) (142)

for a real constant a and a complex constant C'. In this case we can close the contour from oo + ia
to —oo + ia (see figure 24), including only one of the poles. The integral along the section from
00 + ia to —oo + ia would equal (—C') times the integral along the real axis (from —oo to co).

Im

Y2
T2

Y

Figure 24: The box contour for I = [ Co‘i‘fm, which has poles at z = (2n+ 1)7i/2 for all integers
n. Here we choose a = 7.

Consider the integral

dz
I= 14
[y cosh z (143)

over the contour shown in figure 24. The function Coslhz has poles along the imaginary axis as

shown; these poles follow from the zeroes of cosh z. Letting

cosh z = cosh(z + iy) = cosh z cos(y) + ¢ sinh x sin(y) (144)

we note that the real part vanishes for y = (2n 4+ 1)7/2, with n an integer or zero, while the
imaginary part vanishes either at y = nm or x = 0. However at y = nm the real part does not
vanish, so the locations at which both real and imaginary parts vanish are z = 0, y = (2n+1)7/2.

One can use M L estimates to show that the contributions from the vertical parts of the rectangle
vanish as the length of the rectangle is taken to be large. Clearly along v; we obtain

d foa
/ S / T (145)
~, cosh z g coshx
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Along v, z = x + im and hence

cosh z = cosh(x + im) = cosh z cos(r) = — cosh x (146)

Thus R R

d - d d
/ 2 :/ dr__ :/ _dr (147)
+, cosh 2 r  (—coshx) _p coshz
(Note that the integration on this part of the contour is in the direction of decreasing x.) Therefore
d B od

/ 9 Limpe / Y} (148)

~ cosh z _gpcoshz

Now we can compute the integral over the closed contour using the residue theorem; since the
residue of the pole is —i

dz
= 2mi(—1i) = 2 149
/Ycoshz mi( =) T (149)

and therefore I = .

There are many more functions that can be integrated over the real line. In each case it is
important to verify that it is possible to obtain both the estimates (for those parts of the contour
not on the line, such as the semicircle with radius R) and residues (for singularities inside the
contour), since otherwise we will not obtain the (real) value of the integral we require.

3.4 Integrals over the half line: using symmetry

If the integral is from 0 to oo, we can trivially extend it to the whole real line only if the integrand
is even. For example

/ e dy = f/ e dz but / ze " dx # f/ ze  dx (=0). (150)
0 2 oo 0 2 —o0

3.5 Integrals over the half line: using a keyhole contour with multifunc-
tions

Although multifunctions complicate matters, this can be used to our advantage.
For a (single valued) function f(z) we have, for z = re' :

f(rew) = f (rew””)) ) (151)
This is not so for the multifunction In z for which
In (re”’) =Inr +i6, In (rei(9+2”)) =Inr+i(0+2m). (152)

Consider two contour sections v, and vz, just above and just below the positive real axis (see
figure 25), that is, on either side of a branch cut for In z. Then

on v, z~x =xe, while on o, z ~ ze'*". (153)

This means that

f(z)In zdz = /OOO f(x) Inzde, / fZ)In zdz = / f(z) (Inx + 27i) dx. (154)

7 o

Combining these together we have

/Y1+’Yz f(z)Inzdz = /o [f(z) nz — f(z) (Inz+ 27i)] dz = /0 —27i f(z)dz.  (155)
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We can therefore evaluate real integrals of the form

/0 ” f@)de (156)

(where f(2) is a single-valued function) using

2mi

/000 f(z)dz = — ! /Wf(z) In zdz (157)

where v is a “keyhole” contour—see figure 25. One must check, though, that both the large and
small circle give vanishing contributions as ¢ — 0 and R — o0, and so it is best to derive this trick
from scratch rather than memorize it. Effectively, Eq. (157) allows us to calculate real integrals

fooo (or ffoo) using the Residue Theorem—very convenient indeed!

Im

Figure 25: The keyhole contour for a branch cut [0, —00): to cover the complex plane we let R — oo
and € — 0.

The keyhole contour (but without the In z trick) also works for

/ e () da (158)
0

where a is not an integer and where f(z) is single-valued. This is because z® is a multifunction.
* dx

142t
We will try the keyhole contour with

Example: Evaluate [ =

In z

flz)= T34 (159)

f(z) has a branch point at z = 0, so we use the branch cut z =z (z > 0).
f(2) has simple poles when z* = —1: these are given by aj, = e!**D7 for k = 0,1,2,3. Explicitly:

4l
V2

37 -1+ 57 —1—3 ST 1—1
,alzel%: + ,agze’%: ,agze‘%:+ . (160)

V2 V2 V2

ag = ¢

INE]
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Figure 26: By sketching our contour we note that we require e<1 and R> 1 for all four singularities
to be inside the contour.

Next draw a keyhole contour v as in figure 26, and consider its four pieces:

/ f(z)dz = f(z)dz+ (2)dz + (2)dz+ | f(2)dz

TR 2 Ye
* Inzx ™ InR+if ; Olnz 4 2mi O lne+if
= —Fd ————iRe" df —Fd —iee'? dp.
/0 14 a4 $+/0 1+ Rteitd ¢ +/OO 14zt x+/27,1+e4el49266
(161)
Now )
T InR+i0 . _ ., InR + 27

and similarly

27 .
Ine+1i0 . 2me (Ine + 2m)
‘—/0 W@Ge d@‘ < 64——1 — O, € — 0 (163)
Hence I
nz
flz)dz = / ——dz = —2mil (164)
/Y Y1+72 I+ z4

[using Eq. 157]. But we also have

/f(z)dz =2mi Y Res(f:ax). (165)
K singularities ag

inside ~y

Combining (164) and (165) gives

3
I'==> Res(f(2): ar). (166)
k=0
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Evaluating all four residues:

In z @kt
Res(f(2) : ax) Res T3 .1°¢ 1 )

L (2k+ D)7
ln(ez 1 )

= — £ using “g/h’ rule”

3
- (2k+1)w
(Z( ) )

B Z% ; 2Rt Dr
B 4 PCTEESE: 1€
(e ’ ) (167)
. (2k+1)w
R
= _74461(%:1) (using af + 1 =0)
2k 4+ D)7 jerina
= i ¢
2k +1 , ™ .
= 27( 1—2 ) s (using —1 = €'™)
Finally, substituting these into (166):
—I= Res(f:ag) + Res(f:a1) + Res(f:aa) + Res(f:a3)
— im 3¢ 3 5w 7w iilm
= zﬁe 4 + z—ﬁe + 1—66 + z—ﬁe i

= igg (=1=9) /V2 + iS5 (+1—0) V2 + i35 (F14+4) /V2 + if5 (-1 +1) /V2
(168)
= in [(-14+3+5-T7)+i(-1-3+5+7)] /16v2

= in[8] /16v2

I'= 3% (which is real as required).

3.6 Segment contour

In some cases it may be useful to consider a “pie” segment contour, as in figure 27. This works for

example for an integral of the type
o0

f@™)dz, (169)

0
where n is an integer and f(z) is single-valued. In this case we can choose the contour such that
the integrals along the two straight sections of the “pie” are the same, up to an overall factor. For
large n, this will be simpler than the keyhole contour because fewer residues need to be calculated.

Consider, for example, the integral
> dx
) 170
/0 1427 (170)

The singularities of H% are plotted in figure 27. A segment contour can be drawn to include
only a single residue.

o0
1
E le: Evaluat in) I = —dx.
xample: Evaluate (once again) /o A%
Consider f(z) = 1 + ——1, which has four singularities, one in each quadrant.

We will use a segment contour covering only the first quadrant—see figure 28.
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dx

Figure 27: The segment contour for [ e

dx

Figure 28: The segment contour for [, et

Onvy,z=z,0<z<R:

R
[ sz [ @1 m s
Y1 0

On vy, z=1y, 0 <y < R:

f(z)dz:/ f(iy)idyz—/ 7idy:—i/ ——dy =— —il, R — oo.
Y2 R 0 1+(iy)4 o L+

On Vg, z = Re", 0<0<3:

3 1 . 6
= ; 71 T R4ei40 iRe da
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— 0, R— oc.

(171)

(172)
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The only singularity of f(z) inside the contour « is ag = '% = 1

ok
1 ag ag 1+
Res(f:ao):m:%:_zz_élﬁ (174)

Note that we cannot use the residue calculated in (167) as this was for a different function, namely

ﬁ In z. Although we are considering the same real integral we are using a different contour with

a different integrand.
Using the Residue Theorem we now have
—1—-i w(=i+1)

I(1—4) = /f(z)dz = 2miRes(f(2) ) = 2mimg = UL (175)

giving I = % as before.

3.7 Keyhole segment contour
With integrals of the form
/ 2 f(z™) dx (176)
0

where n is an integer, a is real or complex and not an integer, and f(z) is single-valued we could
of course use the keyhole contour, but it is easier to use only a keyhole segment—see figure 29 for

the example
0 x1/2
— dx. 1
/0 1+a6 " (177)

As usual one can use M L estimates to show that the circular arcs do not contribute to the integral.

Im

Figure 29: The keyhole segment contour for fooo wllfx‘?. The dashed line is the branch cut.

Therefore the integral over the closed contour is equal to the contributions from the two straight

lines: s R 1 s
z €T € ($€ZQ) )
N @) e .
/71+z6' ’ / I+ af “/Ru(uw)ﬁ (=), (178)
where « is the angle of the segment. If we choose 6 = 27, namely o = 7/3, then the second term
becomes s P
e”””/ z = fi/ & (179)
R 1 + J,‘G . 1 4+ .136

and is therefore proportional to the integral which we wish to compute. Computing the contour
integral with the residue theorem as usual, we find that

2P s T - 180
[ Tt = 5500 (150
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and therefore

oo g1/2 T
/ =T = (181)
o 1426 32
A semicircle is, of course, just a special case of a segment, and a keyhole semicircle contour
may sometimes be appropriate. In all of the above examples one can do well with just the semicircle

and keyhole contours; however, segment/box contours may be easier and more efficient, as they
enclose fewer singularities.

3.8 Integrals over periodic functions

We can integrate periodic functions over one full period, which is simplified by a change of variable
so that the period is 27. To calculate functions of the form

0

27 g
tan 5

0, sinf, ——=—— ...
0 f(cos 6, sin, sin 6 + cos 36’

) do (182)
(recall tan has period 7, not 27) we use as a contour the unit circle:
C0:1) = {z2(0)=¢" : 0<h<2rm}. (183)

Remember that we need only consider singularities inside the unit disk.

Im

6=2m 1

Figure 30: The unit circle contour for periodic functions: z = ¢ = dz = ie®.

It follows from

i6

P 6

1
=cosf+isinfd, — =e " =cosf —isinb, (184)
z
that ) 1
cosf=—(z+271), sinf=_—(z—27"), (185)
2 24
and similarly cos26 = 1(2% + z72), etc.
If f is a rational function of sin# and cos#, then it is also a rational function of z.

E le: Evaluate I /27r d0
xample: Evaluate I = —_—.
P o H—4cosb

The integrand is a periodic function so we use the contour v = C(0: 1).
The choice of f(z) is given by transforming 6 — z:

12

1 1 dz
9 = —(2+-), a0 = & 1
cos 5 (z z) , (186)
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1 -1 1
df dz dz (187)

5—4cosf 5-3(z+1) iz Ezz—gz—i-l so use f(z) = 22 —3z+41
Then: )
d T db
/f(z) dz = / e = —22'/ S A—Y § (188)
- co) ¢ —52+1 o H—4cosb

Evaluate / f(2) dz using the Residue Theorem.

¥

) 1
z2—§z+1 = (z—2) <z—2) (189)

so f(z) has a simple pole at z = 2 and a simple pole at z = %

Im

172 1 2

Figure 31: The unit circle contour for f(z) = ﬁ
2

f,y f(z)dz= 2miRes(f:3) (since only % inside 7)

= 27ri1imzﬁé (z— %)f(z)

(190)

— _4mi
- 3

Equating we have —2i] = %’Ti which gives I = +%ﬂ.

4 Fourier transforms

4.1 Derivation of the Fourier transform from the complex Fourier series

You have already covered the complex Fourier series in Year 2. If f(x) is a periodic function with
period L, that is f(z + L) = f(x), then we can write it as

> ’ 2mn
= n thn n ‘= 191
@)= 3 et k= 2 (101)

n—=—oo
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where the complex Fourier coefficients ¢,, are given by

1 (% ik
Cn = — f(z)e " dx. (192)
Ly

Note the integral could be taken over any other full period, for example from 0 to L. If f(z) is
real, then ¢,, = ¢*,,, where the star denotes the complex conjugate.

[You can verify (192) directly by changing n to m and then substituting the expression (191)
for f(z). After integrating, you get ¢,, = ¢, as required.]

From the complex Fourier series we can obtain the Fourier transform as a limit. Define

Flkn) = oL,  Ak:=kppq —ky = 2% (193)
With this notation, (191) and (192) become
1= 7 ik
= = thnz A 194
f@) = o n;oof(w k. (194)
fka) = | fl@)e " da. (195)

L
2

So far, the function f(k) is defined only at the discrete points k,,. Now as we take the limit L. — oo,
we have Ak — 0 and we can think of it as dk under an integral, that is > Ak — [dk. At the

same time, f(k) is then defined on the continuous real line. We have

f@) = o [ faeta, (196)

=
&y

N~—
[

/_ T b )e ™ dy (197)

(Note that in MATH3084/6162 I have a different convention from the one in MATH3083/6163.)
When f(x) is real, then f(k) = f(—k)* (the complex conjugate).

4.2 Complex Fourier transforms

Fourier transforms, also known as complex Fourier transforms, are used for real functions f(x)
with x € R; the parameter z is usually viewed as a spatial coordinate.
If f(x) is a piecewise continuously differentiable function for —co < < oo and if it is integrable,
meaning that
o0
| 1r@lds <. (198)
— 00

then the complex Fourier transform of f(x) is defined to be
Flf@) = i) = [ fa)e i (199)

By the Riemann-Lebesgue lemma, if f(z) is integrable then f(k) vanishes at infinity.
If f(k) is also integrable inverse of this transform is given by

FI0) = s = 5 [ O; f(k)e'™ d. (200

By the Riemann-Lebesgue lemma, if f(z) is integrable then f(k) vanishes at infinity.

The Fourier transform is useful for PDE problems on an infinite domain with fall-off boundary
conditions: if we represent a function f(z) as an inverse FT as in (200), for an integrable f(k), we
know that f(z) — 0 as || — occ.

The Fourier transform, on the other hand, is useful for problems associated with infinite do-
mains.
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Properties Fourier transforms have the following basic properties:

Flaf(e) +bg(e)] = af(k) +b(k) (201)
Fliw—a) = (k) (202)
Flitea)) = ik/a) (209)
Flef@] = i (k) (204)
Flrm@] = i) (205)

_F [ / Z W)t - y)dy] F(k)ak) (206)

Most of these properties place conditions upon the function f(z). These conditions are usually
satisfied if f(z) and its derivatives are integrable and differentiable.

The Plancherel theorem (sometimes also called the Parseval theorem) says that if f(x) is
square-integrable, then so is f(k), and the two obey

/ T @) de = / T\ F )P dk. (207)

— 00 — 00

4.3 Proofs
The shifting theorem (202) can be proved by a change of variable:

33‘ _ & / f T — a zkmdx / f —zk(X—i—a — €_ikaf(k), (208)
where we set X = x — a. For the product theorem (203) we again change variable:

Flia) = [ stanein = [ o0e s m < L) (209)

a

where now X = ax and we assume a is positive. (If a is negative we obtain a modulus sign as
given in (203).)
Now consider (204)

Flef()] :/m of(@)e _““dx—z— [/ f@ _”“dm} —zdf(k) (210)

— 00

where we have assumed that the integration and differentiation commute.
The transform of derivatives (205) is proved using integration by parts:

@] = [ rmwet s = [0 @e ] - [ i e s,

— 0 —o0

(211)
and the boundary term vanishes provided that f (m_l)(x) vanishes as x — Fo00. Integrating by
parts repeatedly we thence obtain

F [ Fm) (x)} = (ik)™ / F(z)e~ ™ da. (212)
The convolution theorem is proven as for the Laplace convolution theorem, see Sec. 5.1 below.

4.4 Fourier transform pairs

One can easily show that if the Fourier transform of the (abstract) function f is the (abstract)
function g, then the Fourier transform of g is f, just multiplied by 27 and with its argument
reversed. As a formula

Ff@)=g(k) & Fglx) = 2nf(~k). (213)
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This is another way of saying that the Fourier transform is its own inverse, up to a factor of 27
and changing one sign.

For even or odd functions, the Fourier transform is its own inverse, up to a factor of 27 and a
sign. It can be shown that

Even: if f(z)= f(—=x) then F[F[f(2)]] = F f(k) = 2nf(x) (214)
Odd: if f(x)=—f(—z) then F [F[f(z)] = F |f(k)| = =27 f(x)
Fourier transforming an even function twice brings it back to 27 times that function,
Fourier transforming an odd function twice brings it back to —2x times that function.
4.5 The Dirac delta function
The Dirac delta function has the formal properties
6(x—y)=0 x#y (215)
and -
| 1@t -y = (@) (216)

which for f(y) = 1 implies
/ O(x —y)dy = 1. (217)

(Strictly speaking, the Dirac delta function is not a function: it is a what is called a distribution,
also called a generalised function. However it can be defined as the limit of a function and was
introduced by Cauchy and Poisson in this way.)

From the definition of the inverse Fourier transform

f) =5 [ T ket dk (218)

we deduce that

f@ =5 [ [ /- f(y)e“@ydy} ¢ (219)

and hence | e
1@ =5 [ [ fet ey (220)
if we assume we can exchange the orders of integration. Then if
s .
/ e RV dk = 216 (x — y) (221)
we obtain -
f@ = [ 1wt~ i (222)
as required. We can rewrite the identity as
/ e*rdk = 216 (), (223)

implying that the Fourier transform of a constant function is proportional to the Dirac delta
function.
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4.6 The /)-function as a limit of sharply peaked functions

Consider any integrable function h(x) whose integral over the real line is one, that is

/ h h(z)de = / h h(z)e™ 0% dz = h(0) = 1. (224)

— 00 —0o0

Then define, for all € > 0, the functions

he(z) = 2 (f) . (225)

One can easily show that R .
he(k) = h(ek). (226)

In particular, this means that all h. (z) still have integral one. The classic example of such a
family of functions is
xz \2
e_(ﬂ)

fe(z) = ﬁv

(227)

which has Fourier transform
Folk) = e~ (R)° (228)
Note the Fourier transform of a narrow Gaussian is a wide Gaussian, and vice versa. The Gaussian
has the interesting property that it is, up to normalisation and changes of argument, its own Fourier
transform.
We now have that for any smooth integrable function (test function) ¢(x),

o0

lim he(x)p(z) de = ¢o. (229)

e—0 o

In this sense, we can informally write that

lim he(z) = &(z) (230)
e—0
and so we have that . ) .
b(k) = lim he(k) = h(0) =1, (231)
€E—

that is, the Fourier transform of the §-function is the unit function. This statement is very non-
rigorous, because the J-“function” is not really a function, and the unit function is not integrable
and so does not really have an (inverse) Fourier transform.

Recall that our formula for the inverse Fourier transform holds precisely if the Fourier transform
of the unit function is the §-function, as we showed above in Sec. 4.5. What was non-rigorous about
the argument there is our assumption that we can interchange the order of integration.

4.7 Fourier transforms in two or more dimensions

We may extend the Fourier transform pair to a function of two variables to obtain

Flhn ka) = /_ h /_ " J(y) explilhiz + koy))dady (232)

and correspondingly

1 %) 0o .
1) = oz [ ) [ ko) expliue + ko) . (233)

More generally, letting x denote a vector with n Cartesian components and k similarly denote an
n-dimensional vector

fk) = [ = [ " F)e X dy - da, (234)
with ) - -
e — oo ¢ elkx 1 Y n-
169 = o [ ) [ g iy --a (235)
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4.8 Application of Fourier transforms to partial differential equations

Partial Differential Equations (PDEs) concern functions of more than one variable.
In many practical examples we need to consider a function u(zx,t) where z € (a,b) and ¢t > 0,
are time and space (in one dimension). For example,

ug + u® = ugy — sin 8z, (236)
where subscripts denote partial derivatives (e.g., g—;‘ = u,). To solve such equations we require

both boundary condition(s) (BCs) and initial condition(s) (ICs):

The BCs u(a,t) and u(b,t) tell us what is happening at the spatial boundary, for all values of
time.

The ICs u(z,0) and u:(z,0) tell us what is happening initially, at all points in our spatial
domain. (See figure 32.)

function u(x,t)

initial condition u(x,0)

boundary condition position x

-
boundary condition
u(b,t)

Figure 32: An example of function u in time and one dimensional space.
For a function f(x,t) where z € (—00,00) and t € [0, 00),
if f(z,t) >0 as x — +oo then (237)
the Fourier transform f (k,t) of f with respect to « has the following property:
Flfola,t)] = ikf(k,t). (238)

This results can be extended for higher order derivatives, with each higher order derivative in x
requiring an additional condition, e.g.,

if f(x,t) — 0 and fy(x,t) — 0 as & — =+oo, then (239)
‘F[fmx(xat)] - *sz(kvt)' (240)

Time derivatives are unaffected by integration with respect to space and so:
}—[ft(xvt)] = ft(kvt)v -F[ftt(xvt)] = ftt(kvt)' (241)

In many cases a second order PDE in f(z,t) can be transformed to a second order ODE in

f(k,t), which can usually be solved more easily than the original PDE. The latter is an ODE in
the sense that only ¢ derivatives but no x or k derivatives remain.

44



Example: Solve u; = u, —u with BC u — 0 as |z| — oo and IC u(z,0) = 1/(1 + 22); you may
use the result
F1/(1+2?)] =me K. (242)

I Transform Eq. using the fall-off boundary condition:

Up = Uy — U = Uy =ikt —1u = ‘fl—? =(ik—1)u

Transform initial condition: u(z,0) = 1/(1 +22) = a(k,0) = me~ ¥l using (242).
IT Obtain homogeneous solutions for transform equation: (k,t) =A(k) e+ =1,

Substituting initial condition into solution: me~*l = A(k)e® = A(k) = me ¥l =

Ak, t) = me Ikl oik=1)t, (243)
ITI Invert 4(k,t) to get u(x,t).
u(z,t) = me tF1 (e"Iklettk)
1 [ - (244)
_ ,n_efti/ ef\k\eztkezkm dk
21 J_
The modulus sign in the integrand suggests we should consider k£ > 0 and k < 0 separately:
2et u(x,t) = / e keltrok g 4 / ekelttalk gp;
0 —00
oo 0
_ / e(—l-}—i(t-‘rm))k dk + / e(+1+i(t+z))k dk
0 —00
6( 1+i(t+a))k 7° p(+i(t+a))k 10
_ 1
- (0 —1+i t+z)) + (1+i(t+z) - 0)
B —(1+it+ )+ (=1 +i(t+x))
(I+it+2) (—1+i(t+x))
B -2 B 2
N 2(t+2)2—1 14+ (t+2)?
Hence u(z,t) = e t/(1+ (t+ x)?).
Example: Invert me~l#l e(**=1* by inspection.
re~ Kl = F (71+1:v2) using (242)
re- Ikl itk — F (m) using (202) (246)
e lkleitk o=t —  F (M) e~ ! independent of k

Example: Solve the wave equation 2% fi; = fu, with BCs f, f, — 0 as |[z| — oo and ICs

f(x,0) = g(x), fi(z,0) =0.

Transform equation and ICs:

g, (247)
F(k,0) = g(k) and f,(k,0) = 0. (248)
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Solve and impose ICs:

f = A(k) cosckt + B(k) sin ckt (249)
—ckAsin0+ ckBcos0 =0 = B(k) =0, and then §(k) = A(k)cos0 = A(k) = g(k).  (250)
So: A
flk,t) = g(k) cos(ckt). (251)
Now cos(ckt) = % (eicm + e_ith), so we may write
) 1 . ,
Flet) = 5 (a(k) e + gk)e™ ). (252)
Using (202) we then get
1
fla,t) =5 (glx+ct) + g(z—ct)). (253)

In the examples above, Fourier transforms were applied to partial differential equations, with
the transforms being taken along infinite spatial directions.

4.9 Fourier sine and cosine transforms

For functions f(z) which are only defined on the half line 0 < 2 < co we may define the cosine
transform,

Folf(@)] = fu(k) = / " f(e) coshade, (254)

and the sine transform,

Fulf(@)] = fulk) = / " f(e) sinke dr. (255)

These transforms are unique, so that either one contains all the information necessary to reconstruct
f(z) when inverted.
It can easily be shown from the inversion formula for the complex Fourier transform that

flz) = E fe(k)coskxdk = 2 [ fs(k) sin ka dk. (256)

™ Jo T Jo
Both the sine and cosine transforms are their own inverse, up to a factor of 7.
Example: Find F; [ﬁ]
We let f(x) = 175« and note that f(z) is an odd function, so that (letting X = —x)

~ o x —00 _X 0 X
fS(k):/o 1+x451nkxd:1;:/0 1+X4(—ska)—dX:/_wm(smkzX)dX.
(257)
Combining gives
p 1/ =z |
fs(k) = 3 [m T3 1 S0 kx dz. (258)
Using e** = cos kx + isin kx gives

Folk) = % Im ( / O:O - fx4 eika dx> . (259)

We can solve this using a semicircular contour as before, closed in the upper half plane for £ > 0
and in the lower half plane for k£ < 0.
On vg z = Re®?, 0 € (0,7) so

/7R F(z)dz

< (7 R) (R4R_1> — 0, R — oo. (260)
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Im

-R Re
Figure 33: The integral contour for F/(2) = 174 e** for k > 0.
On~vy z=z,2€(—R,R) so
e T T ke
F(z)dz = J€" " dr — ——c"dr, R — oo. (261)
1 R 1 + X — 00 1 + xXr

Applying the Residue Theorem we have

fs(k) = % Im [27rz' Z Res(F : an)} =47 Re{ Z Res(F : an)}. (262)

singularities a,, singularities a,,
of F(z) of F'(z)
inside ~y inside ~

The singularities of F(z) are given by 1 + 2* = 0:

. (2ntl)w
L—y

an e , n=0,1,2,3. (263)

These are all simple poles, but only

s ]. ) ;37 _]. )
ag = €% = il and a = €% = il (264)

>

are inside 7.

= Res (F(z) :an) = - "4a4 = fzneika". (265)
Hence .
fs(k) = WRG[ Res(F(z) :ap) + Res(F(z):a1) }

. L (266)
= —Je V2 Re{ ie' V3 — ie 'V3 }
y
= —e VZsin— (k>0)



For k < 0 we similarly obtain

fs(k) = —ge} sin ;—; (k<0) (267)
Hence, N
. B
fs(k) = 3¢ V2 sin ﬁ (268)

4.10 0Odd and even extensions

If f(z) is a function defined only for 0 < z < oo, we cannot immediately define its Fourier
transform. Often we may wish to use techniques only applicable to functions defined on the whole
real line. To achieve this we may extend the function: this is usually done with either an even
extension:

even _ f(x), 0<xr<oo,
f @) = { fl=z), —oco<z<O0; (269)
or an odd extension: fa) .
o o x), <zr< o0,
! dd(m) o { —f(—z), —oco<z<0. (270)
e £0)

even

+ X T T X
/ ! o \ 1
/ \ , A4
’ \ 7 -

Figure 34: Odd and even extensions of a function defined on the half line.

Note that: an even extension preserves the value of f(x) at z =0;
an odd extension preserves the gradient f,(z) ata =0.
Extended functions are defined on the whole real line, so we can calculate their Fourier trans-
form. A brief calculation shows that

/ feven(x) efik:r dx
Py ' 0 _
/ fovcn(x) e—zkz dr 4 / fcvcn(x) e—zkz dr

0

> —ikwd _ o o —ikxd
/0 flz)e™™ da /0 fl=z)e™™ dx

/OO flx)e ™ de + /OO f(X) e X dx (271)
0 0
/ f ezk:z + efzkm) "

2 /OOO f(z) cos kxdx

Flfeen(@)]
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Similarly, the Fourier transform of an odd extension is given by
k) = =2 fo(k); (note the additional factor —i). (272)

Our choice of sine or cosine transform will depend upon the boundary conditions
of the PDE problem we want to solve—more on that in the next section.

4.11 Application of sine and cosine transforms to PDEs

Let f(z,t) be defined for 0 < x < 0o, t > 0. If f and f, — 0 as x — oo, we can use integration by
parts with respect to x twice to find the sine transform of f,,(z,t) in terms of the sine transform

of f(z,t):

-F@ [fa:x] = / f;cx sin kx dx
0

= [fwsinkx]go—k/ fz coskz dz
0

(using fr — 0, x — 00) (273)
= —[kfcoska]y — Kk /OO fsinkz dx
) " (using f — 0, x — 00)
= kf(0,t) — k> fs(k,1).
Similarly we can show for the cosine transform of f,, that
Fo [faa] = —F2(0,) = K fo(h, 1). (274)

The multiplication with —k? is just as in the complex Fourier transform, but now there are also
boundary terms reminiscent of those in the Laplace transform.

....
....
....

]
L

ey,
....

]
",

or
Figure 35: Boundary conditions at —co and +o00, or at 0 and co.

If we know f(0,t) then we use the sine transform to get an ODE in ¢,

If we know f,(0,¢) then we use the cosine transform to get an ODE in ¢.

It is important to note that the application of sine or cosine transforms is only useful in PDEs
without first derivatives: If f — 0 as £ — oo then

Fs [fz] = / fesinkx dx
0
= [fsinkz])” — k/ f cos kx dx (275)
0
= —kfo(k,t),
so that sine transform of f, brings in the cosine transform of f and vice versa; this is of little use

as fo(k,t) and f,(k,t) are fundamentally different functions of k.
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Example: Use the Fourier cosine transform to solve u,, = cu; (¢ > 0) for x > 0, ¢ > 0, with

_z2
u(x,0) = e 2 and where u,;(0,t) =0; u(z,t) — 0as = — oo; and ug(x,t) — 0 as x — oo.
You may use the result

F [e**} = Vome . (276)

By using property (203), namely that F [f(ax)] = I%\

general result

f(k/a) we can easily derive the more

22 « x)2 2 2
Fleew] = 7 [em] = /e v, a>o. (277)
a
Our result is restricted to o > 0 because here /o = a € R.
We write @ = F. [u], so that
—k% 4 —u,(0,t) = ciy (using BCs at o) (278)
—k20 = ciy (using BC at 0)
iy = — 20 = ak,t) = ak,0)e .
a(k,0) = / u(z,0) coskx dx
0
1 g2
= -Re / e~ T ey
2 — 00
1 2
1 _k2 . .
= §Re ( 2me” 2 ) [Using Eq. (277) with a = 1]
T _ K2
— —e 2
/3
2 .2 N B2
Hence u(k,t) = \/?e_k2 e et = \/?e_(lwc T
2 2
2 o0 m —(1+42%)
u(z,t) = = —e <) 7 coskxdk
™ Jo 2
= 1Re 2 e~ (1H+20) &5 g=ike g
T — 00
1 ty k2
= — Re F [e_(1+2? 7} but from k to z 280
T ( ) (250)
1 2 - L T ﬁ . s t
= Nors Re ( ﬁ e< 2 2 >> (usmg Eq. (277) with a =1+ 20)
_ ca?
— e e 2(c+21) |
We can confirm that all ICs and BCs are satisfied:
C.T,2
lim, oo u(z,t) = limg; oo ﬁ e 2tz = 0,
§ C.T2
lm, oo uz(x,t) = limgo0o — (%) et = 0,
— - +2t g » (281)
up(0,8) = limy_—a (ﬁ) e = 0,
CZ}2 €T
w(z,0) = limsg € T = e_;
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The Fourier sine and cosine transforms are applicable to problems on semi-infinite domains.
For example, recall the heat conduction equation

T, = kT yq. (282)

Suppose this is solved subject to T'(0,t) = Ty and T'(co,t) — 0; such boundary conditions imply
that the Fourier sine transform is appropriate, i.e. the transformed equation is

Ty (k,t) + kk*Ty(k, t) = kkTy. (283)

Another common application of Fourier sine and cosine transforms is to potential theory, i.e.
solutions to the Laplace equation in two dimensions

on a semi-infinite domain z > 0 and y > 0. Consider the following boundary conditions for this
equation: p=1lonzx=0andy>0;¢=0ony=0and x> 0; Vo = 0 as z,y — oco.
Applying the Fourier sine transform in the z direction and using the boundary condition at
x = 0, we obtain A R
024k, y) — K2y (k,y) + k= 0. (285)

This is an inhomogeneous second order equation, for which the general solution is

bs(k,y) = % + Ae*¥ + Be kv, (286)

Since q@s(k, y) — 0 as y — oo, the integration constant A must vanish. Since ngSS(k, 0)=0

1
0= z + B (287)
and hence )
Bully) = 11— ™) (258)
which in turn implies that
2 (1 2
o(z,y) = =t E(l — e M) sin(kx)dk = ;tan_l (%) . (289)

(Note: you would not be expected to know integral identities such as this one, but would be given
the required identity on a coursework or exam question!)

5 Laplace transforms

The Laplace transform transforms a real function f(t) of a real variable ¢ > 0 (usually ¢ represents
time) to a complex function f(s) of a complex variable s.
The Laplace transform is defined by

L) = F(s) = / " ftyett, (200)

Again we note that the convention of placing a bar above f to denote its transform is not universal:
some books use F' for the transform of f, others the reverse.
If f(t) is piecewise continuous for ¢ > 0 and there exist constants M, « > 0 such that

[f()] < Me (291)

for all ¢ > T for some T > 0, then L[f(t)] exists and is analytic in the half-plane Re(s) > a.

One can derive the Laplace transform from the Fourier transform, but each has its own domain
of usefulness. Note, for example, that a function f(t) that grows exponentially as e** still has a
Laplace transform, but that it would not have a Fourier transform.
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Im

s—plane

Figure 36: The half plane Re(s) > «. All the singularities of f(s) lie to the left of Res(s) = a.

Example: Find the Laplace transform of f(t) = c.

Lf(t) = / ce‘”dtzc/ e stdt
0

0 (292)
= ¢ [fge’”} = £
: 0
Example: Show that £ [sinat] = 5.
L[sinat] = f(s) = sinate "' dt
0
T * —a et . .
= |sinat - — cosate °tdt (integration by parts)
—S 0 0 S
= 0+ %/ cosate St dt
“Jo
e—st 0 o] e~ st
= Z([cosat ] - / —a sinat dt) (by parts again)
: -5 ], 0 —s
= ‘;(O—ls - g/ sinate‘”dt)
s Jo
= (G — £f)
(293)

Rearranging, we obtain s?f = a —a?f = f = a/ (s? + a?) as required.

5.1 Properties

The following properties of the Laplace transform are easily shown from its definition.
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1. Linearity: If a and b are constants, then

| anwssnaeta=a [T noeaes [T pweta e
0 0 0

so that: - -
Llafi+bfa] = afi +bfs (295)
2. Powers of ¢: |
ny !
L[t"] = pse (296)

This follows form £ [1] = 1/s using proof by induction:

L[t"] = / t"e st dt
0

e—st 0 o] e—st
= [t” ] - / nt" ' —— dt
—S 0 0 —S

_ ﬁ/ tn—le—st dt
5Jo (297)
_ ﬁ n—1
_ g
—1n—-2 21
= LRSI
s s s ss
_ nn—-1n-2 211 _ n!
s s s sss  sntl
3. Shifting in s: ~
Lle®f(t)] = f(s—a) (298)
Example: L[e*]. B
If f(t) =1 then f(s) =1 from (292) so Lle™] = L[e 1] = f(s —a) = .
4. Multiplication by powers of ¢ becomes derivatives of f(t):
n n " =
LEfO] = (1" o= F(s) (299)
5. Shifting in ¢: ~
L[f(t—10)0(t —to)] = e~ f(5) (300)
where 6 is the Heaviside “step function”, defined by
0, t<0,
o(t) = { 1 t>0. (301)

which ensures that we only consider f(¢) for non-negative values of ¢, even when there is a
time delay tg.

6. Derivatives in t become powers of s:
£ 510 =) = 70 = 9 20) = - 100 (302

Here f®*) denotes the k" derivative of f(t) at ¢ = 0. The Laplace transform is therefore
particularly suitable for initial value problems: problems in which initial conditions on the
function and its derivatives are given at t = 0.
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7. Integration in ¢:

f(s) (303)

®w | =

I

L+ ) [ / ft—7)g ] — F(s)a(s) (304)

8. Convolution:

9. If f(¢) is periodic with period T, so that f(t +7T) = f(¢) for all ¢ > 0, then

T
/ e St f(t)dt
0

floy =L (305)

5.2 Proofs

To prove the convolution theorem (8), we first form the product of the defining integrals for f(s)

and g(s):
/ / e+ () g(T)dr dr. (306)

Next we introduce a change of variables, letting 7/ = ¢t — 7 and use the fact that f vanishes for
negative values of its arguments. Thus

Fs)a(s) /-Sf[/ft—T ar| o (307)

To prove Heaviside’s shifting theorem (6) first note that

/ e St f(t —19)0(t — to)dt = / e St f(t — to)dt. (308)
0 to
Changing variables to 7 =t — tg gives
/ e f(t —to)dt = / e (o) f(r)dr = e f{(s). (309)
to 0

To prove the periodicity property (9), note that for a function f(t) such that f(t +7T) = f(t)

F(s) = /0 et f(t)dt = Z / T ) (310)

and hence
o) T T
) =3 e | i@ = a—e [T etwan, (311)

where the first equality follows from the change of variable ¢ = nT + 7 and the second equality
follows from the known result for the sum of a geometric series and the change of variable t = 7.

The inverse formula using the Bromwich contour can be proved using the inverse Fourier
transform. The main ingredients of the proof are letting s = a + iy, and replacing fooo dt by

[ H(t)dt
5.3 Uses

Laplace transforms allow us to convert complicated integro-differential equations into simpler prob-
lems.
Example: Consider the following equation, with boundary conditions f(0) = 0 and f(7) = v/2:

/0 F()dr + 4Lf(t) = %t). (312)
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Taking the Laplace transform we get

)+ —ALf(s) = sf(s) - f(0)
(by 7) (by 1 and 4) (by 6) (313)

This is a 1st-order ODE for f(s). Using the first initial condition it becomes

A5fGs) = f(s)(3—9)

%df = (% — s) ds
(314)
4In(f)+C = ln(s)—§
f* = cse s*/2
f = Gsie=s’/8

we have one constant of integration, ¢, to be determined by using the remaining boundary condition.
_ This method is only useful if we can get back to f(t) once we have found our Laplace transform
f(s). There are two ways of doing this, by:

inspection or inversion (theorem)

Example: Find f by inspection, given f =4 (2(s — 7)% + 952 + 36) / ((s®> + 4)(s — 7)%).
- o 2(s—T7)%+9s* + 36
16) = A= oG-
2(s —7)3 +9(s% +4)
8(52 + 4)(§6— 73

T8 o o (315)
= 4 18
s2 + 22 N (s—T7)3

2 2!

_ —1 —1 Tt

ft) = 4c [82+221+18£ [53] e
= 4sin2t + 182 ™.

For more complicated expressions it may be necessary to invoke:

5.4 The complex inversion theorem

If Lf(t) = f(s) exists for Res > avand f(t) is piecewise smooth, then the inverse Laplace transform
of f(s) is given, for t > 0, by

a+iR B

D)+ ft7)] = = lim / f(s)efds, a>a. (316)

2mi R—oo Jo_ip

DN | =

The inversion theorem guarantees that any continuous and piecewise smooth function is uniquely
determined by its transform.
We can choose any real number a such that the line v from a — ico to a + i00 lies to the right
of all the singularities of f(s). Since f(s) is analytic in Re's > o, a > a will do.
This is called the Bromwich integral and, if f(¢) is continuous, it takes the form
a+i1R

1
t) = — i stds, t>0. 317
f6) =5 Jim [ Fs)eds (317)

If f(s) has no branch points, we can evaluate the Bromwich integral by closing the contour

with a large semicircle to the left. This is called the Bromwich contour. But for this we need
to be able to show that the contribution of the large semicircle vanishes as its radius R — co.
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Figure 37: The Bromwich contour.

If there is a branch cut going to —oo the contour can be wrapped around the branch cut, and
the contribution from the integral on both sides of the branch cut needs to be taken into account
explicitly.

We can now apply the Residue Theorem to the Bromwich contour:

/f(s) eStds = 2mi Z Res(f(s)e™ : ag). (318)
: singularities a,
of f(s)e*t
inside I'

Note that the ay’s that appear in the formula are the residues of et f(s), not f(s). In the limit
R — oo all the singularities will be inside I'. We can also write the integral as

a+iR
/ f(s)etds = lim f(s)etds + lim / f(s) et ds. (319)
T R—oo [, iR R—o0 YR
Hence: .
a+iR B
2t f(t) = lim f(s)etds

R—oo Ju iR

= /Ff(s)eStds — lim /m f(s)eds (320)

R—

= 2mi » Res(f(s)e :ap) — lim/ f(s) et ds.
% (flo)erzan) = lim | f(s)
If we can show that the contribution from the large semicircle yr vanishes as its radius R goes to
00, then we have f(¢) in terms of residues which we can calculate.
The following Lemma tells us when we can neglect the contribution from the large semicircle:
Lemma (Bromwich contour lemma) If there exist constants K > 0, & > 0 and Ry > 0

such that K
1F($) < Zr (321)
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for all s on the large semicircle to the left |s| = R, Res < a, for all R > Ry, then

f(s)etds — 0, as R — oo. (322)
TR

i.e. the contribution from the large semicircle vanishes.
Less rigorously put, the condition of the Lemma is that f(s) ~ R* for some k& > 0, for R
sufficiently large. We can now summarise our residue calculation in the following Theorem:
Theorem (Complex inversion theorem) For Laplace transforms f satisfying condition (322)

we have:
fit) = Z Res(f(s) e : ay). (323)
singularities ay,
of f(s)e®

Remember that we are summing the residues of f(s)e*t, not just f(s). Although they will have the
same singularities (because e*! is an analytic function which does not contribute any singularities),
the residues of the two functions will be different! A simple way to remember this is that: without
et the residues of f(s) are independent of ¢, so cannot give any time dependence in f(t)!

Example: Find f(t) using the Inverse Transform Theorem, given f(s) = (2 —s)/(s% +1).
_ 2 _
fls) = W(:—Z) so f(s) has no branch points and two simple poles at s = =+i. (324)

Im

| — a+iR

a—-iR
Figure 38: The Bromwich contour for f(s) = (2 — s)/(s? + 1) requires a > 0.
On vg, s = a + Re', where 7 S0< 37”, SO

_ 2 —a — Re' R+2+a K
= i —| < — 325
1£(s)] 1+ a?+2aRe? + R2e29 | = R2 —2aR —a? — 1 < R (825)

for some K > 1 and R > Ry for some Ry > 0. Note that we need to fix Ry as least big enough
so that the numerator and denominator in the second fraction here are both positive. K then
depends on how much bigger than that we make Ry. The sloppy reasoning would be that

F©)] = 5 a5 R o, (326)

But for the Lemma we need a rigorous inequality, and for this we need to fix a suitable Ry, and it
is clear that we will need K > 1 for any Ry.
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Hence )
. S5 st
f(t) = Z Res <52—|—1 e Clk;)
singularities ag

of f(s)est

_ 2—s st . ; 2—s st . _ s
= Res (7(%1.)(84) e’ : z) + Res (7@%)(371‘) e’ . z)

2—s st 2—s st
= =Ze + —e

sti s=-+i STt s=—i
_ 2—i it 244 ,—it
= % € + —2i¢

+it , —it it —it

_ _e “+e 2e —e
- 2 + i 2
= —cost + 2sint.

Example: Find f(t) by inspection, given f(s) = (2 —s)/(s> + 1).

2—5 1 s
-1 -1 -1 - ]
f(t>: L (82+1) = 2L <82+1> - L (82—"-]_) = 2sint — cost.

Example: Find f(t) given f(s) = s~ 2.

fs) =

has a branch point at s = 0 but no other singularities.

leR*/ a+iR

B

Y
Ly
r Re
lor
'
\ R
Figure 39: The Bromwich contour for f(s) = %

The Complex Inversion Theorem tells us that

The Residue Theorem tells us that

(327)

(328)

(329)

(330)

(331)



Since

(332)

it follows that
-1

f@) = f(s) e ds. (333)

[ie]o)

Considering each contour in turn:
On g, s = a + Re' so f(s) = f(a—i—Reie) =

21,

o

1

1 1
- ~ R 2 < -K ——
oy R 2 < MR for K 5

Hence the contribution of vy disappears: we have shown that lim / = lim = 0.
Y+

R—o0 R—o00

(334)

On 7., s = ee'? so

_ - o1 i ) .
f(s)est ds _ / (6610) 2 ece gtieewde‘ S (271_) 6%eetcosﬂeletsm0
e + A ) (335)
~  eTzect — 0, e = 0. L M

(here using M L estimates).
On the negative axis we have s = x for —oo < x < 0. However, since this is a branch cut for
the multifunction f(s), it will have different values on either side.
Just above the cut, s = —z may be written in polar form as s = ze’™ for co >z > 0,
Just below the cut, s = —z may be written in polar form as s = ze ™™™ for 0 < z < o0.

Therefore, on 74 we have \/s = \/re'? =iy/r, andon y_ we have /s = \/ze '3 = —i\/z.

Calculating both integrals on either side of the branch cut together (this may prove useful, as there
often exists symmetry) we get

Oe—a:t 0o e—wt
= ——(—d —d
|+ [ Sean
Ooefzt Ooefazt
= —i dr + —i/ dx
/0 vz 0o VT
OOe—wt
= —21/ dx
0o VT

If we let X2 = 2 then X = /r and dv = 2X dX. To substitute we need to change limits:
r=0=>X=0r=00= X =o00.

(336)

0 o —at oo e—th o0 )
—21/ dr = —21/ 2XdX = —41/ e X tdx
0o VT o X 0
o 337
= —2i/ e Xt dx (using symmetry) (337)
o0
= —2i /% (standard result)
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Finally we have, remembering (333):

1 p 1
S T _
10 = 5 { Wit 0] N (338)
Example: f(s) = coss/(s>+ 3).
On g, s = a + Re? so
Fla+Re?) = % (a+Re®)  cos(a+ Rcosf + iRsinf)
" (a+Re®)?+3  a®+3+2aRei? + R2ei0 539)
cosift cosh 1 — 00, as R — o
~ R2 ~ R2 , .

Hence we cannot justify using the Complex Inversion Theorem on f(s) in the formula (323) above,
because (322) does not apply.

5.5 Using Laplace transforms to solve partial differential equations

Since z is a constant with respect to integration in time ¢, it follows that

o0
Llu(e, )] = / w(zt) e=tdt = (. s). (340)
0
Differentiating with respect to  may also be taken into or out of the integral, so that

L [uz(z, )]

| |
R

A

&

\_/

(341)

\ \

8
/-\
EIJ
~—

The properties of Laplace transforms (#6) tell us that the transforms of time derivatives are
given by
Lug(z,t)] = su(z,s) — u(x,0),

L [ug(z,t)] = s2iu(x, s) — su(z,0) — u(z,0). (342)

These results can of course be extended to higher order, and used to find mixed derivatives such
as
Lug(z, )] = stuz(z,s) —ug(z,0). (343)

This way, a second-order partial differential equation can be transformed into a second-order
ordinary differential equation (ODE). Very often it is easier to solve the ODE and then transform
back from u(x, s) to u(x,t) rather than solve the PDE directly. Notice that the Laplace transform
of u¢(x,t) brings in u(z,0), the Laplace transform of uy(z,t) brings in u(x,0) and u(z,0), and so
on. That is why Laplace transform methods are so suitable for dealing with initial value problems.

To solve a PDE using Laplace Transforms we need to:

I Transform: both the equation and boundary conditions;

IT Solve: the resulting ODE for @(x, s);

IIT Invert: To find u(z,t), the solution to the original problem.

Example: Solve u, = 2u; + u for t,x > 0, given u(x,0) = e~3% and u(z,t) — 0,7 — oo.
I Transform equation:

Upy = 2up + u
iy = 2(su — wu(z,0)) + @ (344)
—(1+28)u = —2e3
Transform boundary conditions:
u(z,t) -0,z =00 = a(z,s)— 0,z — oco. (345)
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IT Solve ODE in x:

d
= [ﬂ e_(H'QS)a”} = —2¢ 37 (1429)2 (apply integration factor)
(To treat this as an ODE in x
ae” I+ 4 O(s) = /—267(25+4)$ dx requires constants of integration
to be functions of s) (346)
42 267(2s+4)93 C( )
e = @) s
_ _ e . +(142s)x
a(z, s) P C(s)e

We cannot invert the solution yet, because C(s) is an unknown function of s which will affect the
dependence of v on t. To obtain C(s) we next use the BC:
IT Solution of ODE with BC:

—3x

0= lim @ = i
25 0e0) = B |5

—C(s) e+<1+23>f] = 0 + C(s) lim e®s+Dz, (347)

T—r0o0

et () as 2 — oo if and only if Re(2s) > —1, which does not hold for all s. Hence, for
boundary condition to be satisfied, we must have C(s) = 0.

IIT Invert:
_ 6731,
w(x,s) = )
— -3z p— 1
u(a,t) = e L7 {m] (348)
u(w,t) = e 3Te 2
(x’ t) — e—3w—2t
Example: Solve uy = Uy, for 0 < x <[, t > 0 with Note:
initial conditions : u(xz,0) = 0, us(x,0) = sin TF 2 1.C.s as 2nd order in ¢
and boundary conditions: w(0,t) = 0, u(l,t) = 0. 2 B.C.s as 2nd order in z

I Transform: Equation (using initial conditions):

s2u — su(r,0) — w(z,0) = Uy
2o — 0 —  sinTF = U (349)
gy — S°U = —sin%
Boundary conditions: u(0,t) =0 = u(0,s) =0, u(l,t) =0 = a(l,s) =0.
IT Solve:
Homogeneous equation: 37“ — 5% =0= u= Ae’” + Be™**
Particular solution: RHS= — sin ’le so try u = asin * + Bcos TF.
U = asin TF + B cos TF P2a o
7 — X T T dez STu =
Uz - l2a cos l éSIH T = w2 i T w2 N g 2 2 T
lpy = —TeasinZ — I 3cos 5 —Jrasin 5F — 7rBcos TF — s“asin §F — s“B cos TF
(350)
Hence,
2
—s% — (z) (ozsinE + S cos B) = —sin > (351)
l l l l
2+ (%) )a = 1 a = 1
G )2 = s2+(1)" (352)
s+ (F)°)B8 = 0 B =0
sin TZ
u(z,s) = A(s)e™ + B(s)e ™ + — lﬂQ. (353)
5% + 7z

Now impose boundary conditions:
u(0,8) =0 = A(s) + B(s), u(l,s)=0= A(s)e!* + B(s)e™ ",

61



= A(s) = —B(s) = A(s) (e"* —e7'*) =0 = A(s) =0 = B(s) = 0.

The specific solution satisfying both ICs and BCs is therefore

sin TE
- 1
u(x,s) = . 354
) = S (354)
IIT Invert:
By inspection:
sin T
w(z,t) = L£71 L
(2.1) e
. T g 1
u(z,t) = sin—L T
! s?+ 5 (355)
I ™
u(z,t) = -— sin - £ L
™ l s2 4 T
l T mt :
u(z,t) = —sin— sin —.

s l l

Alternatively, we can apply the Complex Inversion theorem, noticing | —1— | < M R™2:

f has no branch points and two simple poles at s = +74, hence

E—l L R est T R est T
[+} = e Q(s fz7r/l)(s+z7r/l) T Z) e <(s Y Py _zZ>
ei(‘n’/l t 7z(7r/l)t etTt _ p—iTt l it
()

= —sin—.

i/l ¢ 2l 2i T
(356)
Example: Solve u; = g, for 0 <z < 1, ¢t > 0 with
boundary conditions: u.(0,t) =0, u(1,t) = u; (a constant), 2 B.C.s as 2nd order in x
and initial condition: u(x,0) = ug (a constant). 1 1.C. as 1st order in ¢
I Transform Equation: st — u(z,0) = gy = Uge — SU = —up.
Transform Boundary conditions:
ugz(0,¢) =0 = 4,(0,s) =0,
u(l,t) =u; = u(l,s) = “t.
IT Solve homogeneous equation: 3272 —sti=0= = AeVs* + Be V5"
Particular solution: Try 4 = § = —ug = Uz — s =0— 8% = a = uyp.
@ = A(s)e™® + B(s)e™™V" + % (357)
Applying BCs:
0 =14(0,5) = /sA(s) — \/sB(s) + 0.
ur/s =u(l,s) = A(s)eV® + B(s)e V" 4 Yo,
S Afs) = Bs) = LaLs—tols g (358)
B C(eViteVE)  s(eVs+eVE)
Hence,
_ AVERRpE S Ve
g o= WU eV te 4+ (359)
S eV's + e—V's S
_ ulfu()cosh\/Eer@' (360)
s coshy/s s

IIT Invert: w(w,t) = ugL™! [1] + (u1 — up) L1 [?Z}lﬁﬂ
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By inspection: £71 [1] =1.

Consider the inversion of f(z,s) = Z(::Sotﬁ/\g/é using the Complex Inversion Theorem. First check

that the theorem is applicable:

r sh /s ez\/ﬁ —
Fs)| = |smlE] ~ SR < MR (361)
(On arc, for R > 1) (for K =1 and since z< 1)
Hence -
f(z,t) = Z Res(f(x,s)e™ : ay). (362)

singularities ay,

of f(x,s)e

The singularities of f(s) are a simple pole at s = 0 and the roots of cosh /5.
cosh/s =0 = \/52: (2et) i, n € Z, (Remember cosh z = cos %)
=s=a,=— () 7% neZt.
We take only n > 0 as the values of a,, for n < 0 would be repetitive. Note cosh /z, unlike 1/z, is
single valued:

2 4
W3 (V5) 2
o1 + 1 + .. 1+2'+I+ (363)
Note that within our boundaries, 0 < z < 1, the above singularities do not cancel any root of
the numerator, cosh z/s (remember that we are interested in singularities with respect to s; not
x or t).

The singularities a,, are all simple poles, with residues given by

coshyz=1+

-~ st hx\/g
Res(fes :a,) = lim & n2VE formul 4
es(fe : ay) Jim %sinh\/g (using ;% formula) (364)
Hence: )
6(7(271;1) 7r2)tcoshaz: - (2”“)2772
Res(fest : — (2"2—4'1)27r2) = 2 2
\/ (M) 2 smh\/ + )271'2
_ ()2, cosh [(Q"H) 77:52}
- e (2t i) sinh [ (2L ) i) (365)
_ (2 cos[(257) mal
B — (2n+ 1)msin [(25L) 7]
L4 (mmpyreegcos [(355) mal
T T @ntnns —1)"
. B _ s sty p. coshxzy/s
For the simple pole s = 0 we have: Res(fe®" : 0) = 21_}0 cosh /5 e’ = 1.

Substituting these values into the Complex Inversion Theorem formula (362) gives:

flz,t) = 1+Z 2n)_:;4cos (Qnglﬁx> e~ (B52) e (366)

The solution to the original PDE is therefore given by

1)ntl 2 1 nt1)2
u(z,t) = wuop + (u1 —uo) |1 +4Z 271—&)-1) cos ( n2+ wx) e (357) t] (367)
. + oA ) i (—1)”'*'1 2n+1 —(2£1)? n2y (368)
= wu Uy — Ug Gnt)r cos 5T e .

n=0
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It is useful to check that our solution satisfies all the necessary conditions:

S S _(2n¥1)2 2
up(0.8) = 0 — (257) 4(ur —uo) 0Ly tonbpyy sin (0) e (557)7 =% =y,
(369)
w(lt) =+ A —w0) g Gk [cos (252w (T =y
Note that as t — oo, e~* — 0 so that
tlg(r)lo u(z,t) = uq, (370)
which continues to satisfy both boundary conditions.
It is more difficult to check the initial condition: At ¢t = 0 we have
oo
—1)n ! 2 1
w(z,0) = w + 4(u; — uo)nz:;) ((271_3_ Tm cos ( n2—|— wx) ; (371)
so u(z,0) = ug would imply
o)
(=)™ 2n+1 ™
. == 372
Z(2n+1)Cos 2 )T (372)

n=0

for all values of 2 € (0.1). That this indeed holds can be confirmed numericallv—see Figure 40.
1 T T T T

o —— .

05 4

—0.785 prwivemenit M‘q b

9 I I I I
-1 0 1 2 3

x
Figure 40: The sum (372) for (1)0 (dotted) and 2(1)00 (solid). In the relevant domain (0 < z < 1)
the sum seems to converge to ~ 0.785 ~ /4.

The expression (372) is in fact a Fourier series solution of a square wave with amplitude 7,
extended as an even function. This result suggests that our solution (368) is a Fourier Series of
a much simpler (closed form) expression for u(x,t). The inversion of Fourier series solutions is
beyond this course, but it is worth noting that Transform methods and Series solutions are closely

related (see section 4.2).

5.6 Applications

In this section we briefly discuss physical problems that can be described by partial differential
equations of the types analysed in the previous section.

Heat conduction: Consider a solid located at x > 0, i.e. with a boundary at x = 0. Let
the solid be initially (time ¢ = 0) at a temperature T; and suppose that the boundary z = 0 is
maintained at a temperature Ty for time ¢ > 0. The rate at which heat is transferred across a
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plane section, of constant z, in the direction of increasing x is —KT,, where K is the thermal
conductivity and T}, is temperature gradient.

The rate at which heat is transferred into a slab bounded by = and x +dz is KT, per unit area
(in the yz plane). This rate must be equal to the rate at which the slab is gaining heat, namely
pCTidx, where p is the density, C is the specific heat and dz is the volume per unit of transverse
area. Equating these two rates we obtain the diffusion equation

T, = kTyy (373)

where ®
= 374
n=G (374)

is called the diffusivity.

This equation is indeed of the form analysed in the previous section. We are given initial
conditions for all x > 0, i.e. T =T; at t = 0, and we are given a boundary condition T' = Ty at
x = 0. Since the equation has two spatial derivatives, we will need a second boundary condition in
x. We can consider either a finite size slab, in which case we will often be told the temperature at
the second boundary x = L, or an infinite slab, in which case we will usually be told that 7' — 0
as & — oo.

Wave propagation along bars: Consider a uniform bar of cross section A, extended along
the x axis. The bar has one end fixed at x = 0 and has length [. Suppose a stress is applied to the
bar in the direction of the positive x axis, causing the bar to make small longitudinal displacements
h(z,t) along the = axis. These displacements satisfy a wave equation

hit = Cthw (375)

where g
A== 376
P (376)

with E the Young modulus and p the density. Again this equation is of a type analysed in the
previous section. To solve the equation we will need two initial conditions (h(z,0) and h(z,0))
and two boundary conditions. One boundary condition follows from the fact the end is fixed at
x =0, i.e. h(0,t) = 0; the second boundary condition might be h¢(0,t) or he(l,t).

Wave propagation along strings: Consider a string extended along the z axis. Suppose
that a stress is applied, causing the string to make small displacements in a transverse direction,
i.e. y(x,t) . Again these displacements satisfy a wave equation

Ytt = C2yzm (377)
where the wave speed is now given by
T
2
ct=— 378
. (378)

with T the tension of the string and p the density of the string. The equation will require two
initial conditions and two boundary conditions.

6 Hankel transforms

The complex Fourier transform and Laplace transform are by far the two most used integral
transforms, but there are many other integral transforms that are useful for transforming PDEs
into ODEs. Here we give only one more example: For problems in cylindrical polar coordinates we
can often use Hankel transforms. Their integral kernel is not simply e~** or e~** but the more
complicated Bessel functions.
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6.1 The Bessel equation

Consider the wave equation in two space dimensions:

fit = faa + fuyy (379)

When we go from the Cartesian coordinates x and y to cylindrical polar coordinates r and ¢,
defined by
xr=rcosp, y=rsing (380)

then the wave equation transforms into

ftt:frr‘F%fr"'rigfgoga- (381)

Now we can use the technique of separation of variables to write f(r, ¢, t) as a product of three
functions of one variable each: o
frop,t) = efe™Pu(r) (382)

where w is a real constant and n is an integer. We find that u(r) obeys the ODE

d? 1d 2
vy u+(w2—n)u=0 (383)

drz " ordr 72
This seems to depend on two parameters w and n but if we make the substitution wr = = we

obtain the simpler equation
d’u  1du n?
e 1— =0 384

d:c2+:cdz+( zQ)u (384)

This equation is called the Bessel equation of order n.

6.2 Bessel functions

The Bessel equation is a second order equation and therefore has two independent solutions. The
one that is well-behaved at the origin = 0 is called the Bessel function of order n and can be
given as

1 (" . g 1 [
In (1) / emTTISIN T dr = — / cos(nt — rsinT) dr. (385)
0

2 J_, T

These are called Bessel functions of the first kind. There is another, independent, set of
solutions to the Bessel equation, called Bessel functions of the second kind and denoted Y, (r).
These are singular at » = 0 and so occur less often in solutions of real life problems. One can
verify that the Bessel functions J,(r) obey the Bessel equation for any integer n by substituting
Eq. (385) in Eq. (384) and integrating by parts.

We can obtain the general regular solution of our original wave equation by summing over
the solutions for each n and w, with each multiplied by a coefficient C),(w). Since ¢ takes all real
values, the summation over w is actually a Fourier integral and since f(r, p,t) is periodic in ¢, the
sum over n is a Fourier series.

flrpot) = i /00 Cp(w)e™? et J, (wr) dw (386)

n=-—oo "

The constants C,,(w) are arbitary. Note that if the problem is cylindrically symmetric, so that f
depends only on 7 and ¢, then we only need the term with n = 0 in the series, so that

f(rt) = /_OO Co(w)e™t Jo(wr) dw. (387)
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6.3 The Hankel transform

The Hankel transform of order n of a function f(r) is defined by

Hof(1) / Jn(ar) f(r)rdr. (388)

The kernel of this transform is therefore r.J, (ar).
One can show that the Hankel transform is its own inverse:

f(r)= /000 Jn(ar)fn(a)a da, (389)

for any integer n.

6.4 Relation between FT and HT

We have seen that the Laplace transform can be derived from the Fourier transform. The Hankel
transform can also be derived from the Fourier transform, and we show this here as it is neat.
Consider the FT in two dimensions, in Cartesian coordinates:

kil,k‘g / / klml+k2z2f(])1,$2) dacl dﬂfg. (390)

If we now transform to polar coordinates, then we expect this to break up into a Fourier series and
a Hankel transform. So define

1 = rcosf, xy:=rsinb, (391)
k1 = acos¢, ke:=asing. (392)

In a slight abuse of notation, define f(ki1,ks) = f(a,¢), and f(z1,22) = f(r,6). Define the Fourier
series coefficients f,(r) by

=Y fu(r)e™. (393)

Then one can show that

« 90) = Z fn(a)ein¢a (394)
where R
fale) = (=0)"Hyp [fu(r)] (). (395)

6.5 Application of the Hankel transform to PDEs

As we have seen, the second order differential operator

2 2
o 19 n” (396)
or2  ror r?

comes up when one writes the Laplace equation, diffusion equation or wave equation in cylindrical
polar coordinates; see for example equation (381). The Hankel transform is useful because it takes
a simple form under this differential operator. Let #,f(r) = fn(a) be the Hankel transform of

order n of the function f(r). One can show (by two integrations by parts) that

2 ~
Hn (frr + %fr - :;f) = —Ck2fn(0l) (397)

provided that rf(r) and rf.(r) tend to zero as r — oco. (Note that this identity is given on the
formula sheet and you are not expected to either remember it or to prove it.)

This property is similar to the Fourier transform of f,, being —k? f , but in cylindrical polar co-
ordinates. Here, too, it allows converting a differential expression for f into an algebraic expression
for its transform f,.

The Hankel transform is not as easy to calculate as the Fourier or Laplace transform because
its integral kernel is more complicated. There are, however, tables of Hankel transforms and, in
simple cases, we can find what we need in the tables of Laplace and Fourier transforms.
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Example Solve

Fulr0) = ) + (1,1 (398)
for f(r,t) for r > 0 and ¢ > 0 subject to the following initial conditions:

fr,0)=0  fi(r,0)=e*" (399)
with k£ a constant. The boundary conditions are

rf(r,t) =0 rf-(r,t) =0 (400)

as r — 00, so the above identity is applicable.
Looking at the right hand of the differential equation, we can see that we should use the Hankel
transform of order zero, i.e.

Ho (f”(r, t)+ %fr(r, t)) = —a?fo(a,t) (401)

Implicitly we use the boundary conditions when applying this expression. Transforming the left
hand side of the equation is straightforward, as ¢ derivatives commute with the transform:

0% /=
Ho (fu(r.0) = 55 (fotan)).- (402)
Thus the transformed equation is an ordinary differential equation in time:
0% /- 9z
92 (fO(aat)) = —a” fo(a,t) (403)

We also need to transform the initial conditions.

Ho(f(r,0)) = fo(a,0) =0 (404)
while 9
i (fo(%@) =MHo (e™""). (405)
The latter can be shown to be k
TS 5.3 (406)
(k2 +a?)2

We can now solve the transformed equation subject to these initial conditions. The general solution
of the transformed equation is

fola,t) = A(a) sin(at) + B(a) cos(at) (407)

and using the initial conditions we obtain

~ k
a,t) = ——— 5 sin(at 408
fotent) = g e (403)
which implies that
o k
rt) = ———sin(at)Jy(ar)da 409
$0= |y Smen o) (409)

(The integral over « can be computed using tables, but it cannot be found using elementary
methods.)
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7 Nyquist stability theory

7.1 Stability of circuits

In this section we will apply the theory of Laplace transforms to circuits.
Suppose an input voltage Vi, () and an output voltage Vou () of a circuit are related by the
ordinary differential equation

an VD () + ana VTV (#) + 4+ ar V) + agVous (8) = 0 VI () + o+ boVin(8),  (410)

out out out

where n > m and a,, b,, are constants. Suppose that Vi, and Vg, and all their time derivatives
up to (not including) order n vanish at ¢ = 0. Taking the Laplace transform of equation (410) and
using the derivative property of the Laplace transform, we find that

8" Vus (8) + @1 8" Vour(8) + oo + a1 8 Voue (8) + a0 Vour(s) = b 8™ Vin(8) + ... + bo Vin(s).
(411)
We can rearrange this to get
L [Vous (t)] Vout (8) b s™ + ...+ by

CVn®] ~ Vials) —ans + ot = A0 (412)

A(s) is called the system transfer function. From the convolution property of the Laplace
transform

Vour = VinA(s) = Vour(t) = L7V A] = /t A(t — 7)Vip(1) dr. (413)
0

We see that A(t) is the reaction of the circuit to a d-function blip in the input at t = 0. Because of
linearity, the reaction of the circuit to an arbitrary input V;,(¢) is just an integral over such blips.
The function A(t — 7) is known as the Green function of the circuit.

This method is useful for determining the reaction to an arbitrary input, but here we shall
only ask if the circuit is stable or not. “Stable” here means that a bounded input gives a bounded
output, and this, in turn, means that A(¢) does not blow up as t — co.

We shall now determine the stability of the circuit based on A(s).

Because A(s) is a rational function, the residue of e**A(s) at s = a is e times a polynomial
in ¢t. (The order of the polynomial is the order of the pole minus 1, as can be shown by the
derivative rule formula for the calculation of residues.) Therefore, poles in A(s) with Res < 0
give contributions to A(t) that decay exponentially at late times, while poles with Res > 0 give
contributions that blow up exponentially at late times and make the circuit unstable.

Poles on the imaginary axis are critically stable and require further investigation. Simple poles
on the imaginary s-axis give contributions to A(¢) that are constant or oscillate at late times -
these are marginally stable. Higher poles on the imaginary axis give blowup as a power of ¢ and
hence are unstable.

Henceforth we assume that all critically stable poles are marginally stable, since the case when
there exists an unstable pole on the imaginary axis is trivial (the circuit is unstable!):

The circuit is stable if A(s) has no poles in the right hand complex plane.

7.2 Closed loop feedback circuits

Now we consider two circuits, with transfer functions f_l(s) and B (s), put together in a closed
loop system with negative feedback (see figure 42).

The original system function A(s) is now called the forward transfer function. The output Vo
is monitored and fed into a feedback path with transfer function B(s). The feedback signal Vi, is
fed into a comparator (C), which modifies the input to A according to

‘/in = Vin,total — Vfb7 (414)

where Vip total is the total input to the system.
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Figure 41: Stabilizing and destabilizing poles.
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Figure 42: The closed loop circuit.

The total transfer function of the system is, by definition

f_(S) _ V;)ut(s) o A(S)V;n

‘Zn,total(s) ‘Zn(s) + Vfb(s)’
where we used Vout(s)/Vin(s) = A(s). Noticing that Vi,(s)/Vin(s) = (Vin/Vout) Vout/Vin) =
A(s)B(s), we obtain the total transfer function of the system as
o) — A(s)

1) = T 4B

(415)

(416)

The loop is stable if f(s) has no poles in the right hand plane.

It is usually assumed that both systems A and B are stable on their own—only then does it
make sense to ask about stability of the integrated feedback loop. We henceforth thus assume that
neither A(s) nor B(s) have poles in the right hand plane. In this case, the only poles of f(s) are
possible zeros of

g(s) = 1+ A(s)B(s). (417)

[Note that zeros of g(s) cannot cancel out with zeros of the numerator, A(s), if B(s) has no poles.]
The feedback circuit will be stable if and only if g(s) has no zeros in the right hand plane.

If §(s) is a simple enough polynomial, we can find its zeros directly. In more complicated cases
we can use the Principle of the Argument, with a suitable contour, to determine the number of
zeros g(s) has in the right half plane. (For our purpose we don’t actually need to find those zeros,
only to tell if there exist any!)

7.3 Nyquist’s stability criterion

To implement the Principle of the Argument in the above stability problem we apply the Nyquist
contour. This is a contour section I' which runs down the imaginary axis from +ico to —ioco. It
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is then closed at infinity with a semicircular arc (vg), such that the contour covers the entire right
hand plane as the radius goes to infinity (see figure 43). The closed contour is usually denoted C.

C

T

Figure 43: The Nyquist contour, closed with a semicircular arc.

All the zeros and poles in the right hand plane will be inside the contour C. If there is a zero
or pole on the imaginary axis we exclude it with an e-semicircle (see Figure 44): we wish to only
count unstable poles as critically stable poles are considered separately.

Im

>I/3 —arc

Re

Figure 44: Deformation of the Nyquist contour to exclude critical values.

The principle of the argument states that, for a contour C' and function g(s)

W =N - P, (418)
where N = number of zeros of g inside C,
P = number of poles of g inside C, and
W = number of times the g(s) winds around the origin in the g (gs = 0) as s moves around the

contour C.
Recall that for the feedback circuit considered above we have stability if and only if g(s) =
1+ A(s)B(s) has no zeros in the right hand plane. Namely, the circuit is stable if and only if

N=P+W=0. (419)
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If both systems A and B are stable, A(s) and B(s) have no poles in the right hand plane. In
this case, g(s), too, has no poles in the right hand plane, and we have P = 0. (In solving problems
it is necessary to first check that A and B are stable before assuming P = 0!)

If P =0 then the stability criterion becomes simply

W =0 (420)

In this case, one therefore only needs to calculate the winding number of the contour C.
Most textbooks define - o
h(s) = g(s) -1 = A(s) B(s), (421)

and then ask how many times h(s) winds around h(s) = —1 as s goes around C, instead of asking
how many times g(s) winds around g(s) = 0 as s passes around the contour C'.

To answer this question one should sketch the path h(C), as in the following example.
Example: Determine the stability of a feedback system formed from a circuit with transfer func-

tion A(s) = {2 and a feedback circuit with transfer function B(s) = & where k > 0 is a (real)

constant.

A(s) has pole at s =—1 = no poles in the RH plane = A(s) is stable,

B(s) has pole at s =0 = 1o poles inside the RH plane =  B(s) is stable.
Hence h(s) = A(s)B(s) has no poles in the RH plane, and to determine the zeros of h we need
only consider the winding number of h(C').

The Nyquist contour for
- 1—s
() = As) Bls) = 7 (422)

—~
~—
oy
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goes down the imaginary axis avoiding the simple pole at s = 0 with an e-semicircle (see Figure 45).
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Figure 45: The Nyquist contour used for h(s) = ’;8;3

To sketch h(C) we will consider the contour C' in parts.

On g we have s = Re? with 6 € [fg, Jrg} and R — oo. Then,

- L (1-ReNk ke N\
hom) = i G ey — A\ ") =0 (423)

(So the image of h(s) along the entire semi-circle yg shrinks to a point.)
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On 74 we have s = 1w with w > 0. Then,

— W w? —
hlre) = kw(zl(l ¥ z'c)u) T ikw * ii(@z ¥ ?) (424)

At point 1 (w — +00) we have already found h = 0.
At point 2 (w — 0) we have h — —2k — %i., which is an asymptote x = —2k with y — —ooi.
On~., s=ee ¥ forfh e [—g, +g], since we move clockwise around the semicircle, so:

- ko 1—ee " k .,
- v - == . D tib
h(s) = e B " _e for e < 1. (425)

Hence h(7.) is still a semicircle, but orientated anticlockwise from —% to +% and with radius

% —o00ase— 0.

Finally, on v_ we have s = —iw with w > 0. We notice then from Eq. (424) that h(y_) is
complex conjugate to h(y,). This means that the image of h(y_) can be obtained from the image
of h(v4) by merely reflecting through the x axis.

To be able to plot the image of h(s) it is also useful to look at points where h(s) crosses the
axes:

h(y+) crosses the real axis when

k(w?—1)

Im [h(s)] = :I:m

=0, (426)

i.e., when w = 1, for which x = — 1J2r’§2 = —k.

Hence h cuts the real axis at h(s) = —k when s = +i.

h(v+) crosses the imaginary axis when

Re [h(s)] :—% — 0, (427)

Le., when w = o0, for which y = 0.
Hence h cuts the imaginary axis at h(s) = 0 when s = Ficc.
We are now ready to sketch h (C')—see figure 46.

oo 2, if —k< -1,
Our sketch indicates that W = { 0, if —k>—1.

N:{z, if k>1, (428)

Hence

0, if k<I.

The circuit is therefore stable if and only if £ < 1. Combining these results we see that the circuit
is only stable for 0 < k& < 1.

Example: Determine the stability of the above closed loop circuit by considering the poles of f
directly.

; A(s) e s(1—s)
= — — = = . 429
1) = 15 2B T+ = " 21 (1-k)s+k (429)
The poles of f are the zeros of
2+ (1—k)s+k. (430)
The roots are given by
1
= (k= _ 2
sy = 2<k 1+£+/1 6]<:+k), (431)

and the circuit is stable provided the real parts of s; and s_ are both not positive.

Fig. 47 shows a plot of Re(sy) as a function of k. The plot was obtain by evaluating Eq. (431)
numerically. The plot confirms our finding that the system is only stable when 0 < k < 1.

In examples where the transfer function f is more complicated, it may be very difficult to
obtain the poles of f directly, as in the last example. In such cases, applying the Nyquist stability
analysis may require much less work and will usually be more effective.
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Figure 46: The path of h(s) in the complex plane as s travels along C.

8
Re(s)
61 repeated root Re(s ) 7
s =s =142
-+
4 repeated root when k=3+2%2 7
1/2 distinct
=s =1-2
5=, \ real roots
ot when k=3-2%? 4
Re(s+) / T
0 4 \
distinct real roots
Re(s+)=Re(s_)

-2r Complex conjugate roots b
_4 Il Il Il Il Il Il Il

-3 1 2 3 4 5 6 7 8

Figure 47: The real part of the roots sy and s_, as functions of k.
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