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1 Non-Abelian Gauge Theories

1.1 QED as an Abelian Gauge Theory

Gauge transformations
Consider the Lagrangian density for a free Dirac field v:

L= T (D —m)v (L1)

Now this Lagrangian density is invariant under a phase transformation of the fermion field
b = e,

since the conjugate field v transforms as

v — e ™.

The set of all such phase transformations is called the “group U(1)” and it is said to be
“Abelian” which means that any two elements of the group commute. This just means that

w1 w2 1w

e“le = 21,

e

For the purposes of these lectures it will usually be sufficient to consider infinitesimal group
transformations, i.e. we assume that the parameter w is sufficiently small that we can expand
in w and neglect all but the linear term. Thus we write

e’ =1+ iw + OW?).
Under such infinitesimal phase transformations the field ¢ changes by d1, where
oY = 1w,
and the conjugate field ¥ by 610, where
0 = —iwy,
such that the Lagrangian density remains unchanged (to order w).

Now suppose that we wish to allow the parameter w to depend on space-time. In that case,
infinitesimal transformations we have

0p(x) = iw(w)(z), (1.2)
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F(r) = —iw(x) Pa). (13)
Such local (i.e. space-time dependent) transformations are called “gauge transformations”.
Note now that the Lagrangian density (1.1) is no longer invariant under these transforma-
tions, because of the partial derivative that is interposed between v and 1, which will act
on the space-time dependent parameter w(x), such that the Lagrangian density changes by
an amount 6L, where

0L = —(z) 7" (Quw () ¥(2). (1.4)

It turns out that we can repair the damage if we assume that the fermion field interacts with
a vector field A, called a “gauge field”, with an interaction term

—¢€ E fY'uA;ﬂ/}
added to the Lagrangian density which now becomes
L= ¢ (" (O, +ied,) —m). (1.5)

In order for this to work we must also assume that apart the fermion field transforming
under a gauge transformation according to (1.2, 1.3), the gauge field, A,, also changes by
dA, where

o

0A,(x) = —é@uw(x). (1.6)

This change exactly cancels with eq.(1.4), so that once this interaction term has been added
the gauge invariance is restored.

We recognize eq.(1.5) as being the fermionic part of the Lagrangian density for QED, where
e is the electric charge of the fermion and A, is the photon field.

In order to have a proper Quantum Field Theory, in which we can expand the photon field,
A,, in terms of creation and annihlation operators for photons, we need a kinetic term for
the field, A, i.e. a term which is quadratic in the derivative of the field. We need to ensure
that in introducing such a term we do not spoil the invariance under gauge transformations.
This is achieved by defining the field strength, F},, as

F. = 0,4, —,A,. (1.7)

It is easy to see that under the gauge transformation (1.6) each of the two terms on the
R.H.S. of eq.(1.7) changes, but the changes cancel out. Thus we may add to the Lagrangian
any term which depends on F),, (and which is Lorentz invariant - so we must contract all
Lorentz indices). Such a term is aF),, F*”, which gives the desired term which is quadratic
in the derivative of the field A,, and furthermore if we choose the constant a to be —i then
the Lagrange equations of motion match exactly the (relativistic formulation) of Maxwell’s
equations.

TThe determination of this constant a is the only place that a match to QED has been used. The rest of
the Lagrangian density is obtained purely from the requirement of local U(1) invariance.



We have thus arrived at the Lagrangian density for QED, but from the viewpoint of de-
manding invariance under U(1) gauge transformations rather than starting with Maxwell’s
equations and formulating the equivalent Quantum Field Theory.

The Lagrangian density is:

L= —iFWF“”Jr@ (i7" (0 + i€ Ay) —m) . (1.8)

Note that we are not allowed to add a mass term for the photon. A term such as M?A, A¥
added to the Lagrangian density is not invariant under gauge transformations, but would

give us a transformation
2M*>

0L = — A*(2)0,w(x).

Thus the masslessness of the photon can be understood in terms of the requirement that the
Lagrangian be gauge invariant.

Covariant derivatives
It is useful to introduce the concept of a “covariant derivative”. This is not essential for
Abelian gauge theories, but will be an invaluable tool when we extend these ideas to non-
Abelian gauge theories.

The covariant derivative D,, is defined to be
D, = 0,+ieA,. (1.9)

This has the property that given the transformations of the fermion field (1.2) and the gauge
field (1.6) the quantity D, is tansforming the same way (covariantly) as ¢ under gauge
transformation:

5D, = iw(a) Dyl

We may thus rewrite the QED Lagrangian density as

1 — .
L = —ZFWF“”+@/) (iv*D,, —m) . (1.10)

Furthermore the field strength Fj,, can be expressed in terms of the commmutator of two
covariant derivatives, i.e.

)
FAW = __[DWDV] =

1
e e

[0, 0]+ [0, AVl +[AL, O] +ie[Au A = 0,A,—0,A, (1.11)



1.2 Non-Abelian gauge transformations

We now move on to apply the ideas of the previous lecture to the case where the transfor-
mations are “non-Abelian”, i.e. different elements of the group do not commute with each
other. As an example we take use isospin, although this can easily be extended to other Lie
groups.

The fermion field, v;, now carries an index 4, which takes the value 1 if the fermion is a
u—type quark and 2 of the fermion is a d—type quark. The conjugate field is written "

The Lagrangian density for a free isodoublet is

£ =73 (iy"0, — m) v, (1.12)

where the index i is summed over 1 and 2. Eq.(1.12) is therefore shorthand for

L = u(iv"d, —m)u + d (iv"9, —m)d, (1.13)
where u, d are fermion fields for the u—quark and d—quark respectively.
A general isospin rotation requires three parameters w®, a = 1---3 (in the same way that
a rotation is specified by three parameters which indicate the angle of the rotation and the

axis about which the rotation is performed). Under such an isospin transformation the field
1; transforms as

iweT)J
v = () 0y,
where T% a = 1---3 are the generators of isospin transformations in the isospin one-half

representation As in the case of the generators of rotations for a spin one-half particle these
are = tlmes by the Pauli spin matrices, i.e.

10 1 10 —i 11 0
1t 2 _ 2 3 _ 2
T_2<1 o)’T 2<i o)’T 2<0—1>’ (1.14)
and obey the commutation relations
T T = ieaT". (1.15)
This means that two such isospin transformations do not commute.
1w T k zwab szTb k iwi T
(47), (47 ) # (47), (447) v

Groups of such transformations are called “non-Abelian groups”.

Once again, it is convenient to consider only infinitesimal transformations under which the
field v; changes by an infinitesimal amount dv);, where

S = iw® (T 1, (1.16)



and the conjugate field El T changes by 5Ei, where
00 = —iwd (T, (1.17)

We see that these two changes cancel each other out in the Lagrangian (1.12), provided that
the parameters, w, are constant.

If we allow these parameters to depend on space-time, w®(x), then the Lagrangian density
changes by 0L under this “non Abelian gauge transformation”, where

0L = =3 (T 4" (9w (x)) ;.

1.3 Non-Abelian Gauge Fields

The symmetry can once again be restored by introducing interactions with vector (spin-one)
gauge bosons. In this case we need three such gauge bosons, Aj - one for each generator of
SU(2). Under an infinitesimal gauge transformation these gauge bosons transform as

SAY(2) = caneAl () w(2) —é (). (1.18)

The first term on the R.H.S. of eq.(1.18) is the transformation that one would expect if the
gauge bosons transformed as a usual triplet (isospin one), and this is indeed the case for
constant w®. The second term, (which is non-linear in the field Af) is an extra term which
needs to be added for the case of space-time dependent w®.

For non-infinitesimal gauge transformations we can write the gauge transformation as '

1
A, - UA U+ ;U@MU‘l,

where
U = %

The interaction with these gauge bosons is again encoded by replacing the ordinary partial
derivative in the Lagrangian density (1.12) with a covariant derivative, which in this case is
a 2 X 2 matrix defined by

D, = (9I+igT"A), (1.19)

where I is the unit matrix.

TNote that the conjugate field has a superscript ¢ because strictly it transforms as the 2 representation
of SU(2). For SU(2) these two representations are identical, but this will not be the case when we consider
other groups.

TThe boldface indicates a matrix valued quantity. Thus for example w means T%w?, etc.



The Lagrangian density thus becomes

L =79 (iy"D, — ml) ;. (1.20)

The quantity D, is not invariant under gauge transformations, but using eqs.(1.16), (1.18)
and the commutation relations (1.15) we obtain the change of D, under an infinitesimal
gauge transformation to be

§ (D) = iwTD,, (1.21)

which, together with eq.(1.17), tell us that the new Lagrangian density (1.20) is invariant
under local isospin transformations (¢ SU(2) gauge transformations”).

We can express the transformation rule for D, in terms of a transformation rule for the
matrix D, as
6D, = i [w'T* D, (1.22)

The kinetic term for the gauge bosons is again constructed from the field strengths F}j, which
are defined from the commutator of two covariant derivatives:

F, =—-[D,D,]. (1.23)
g
where the matrix F, is given by
F. =T'F;,
This gives us
F;(ju = GMA?/ - aVAZ — g €abe AZALC/ (124)

From (1.21) we obtain the change in F,,, under an infinitesimal gauge transformation as
0F,, = w*[T* F,] (1.25)

which leads to
5F%, = €ae Fp,w". (1.26)

The gauge invariant term which contains the kinetic term for the gauge bosons is therefore
1 a a
- pv
4F Y

where a summation over the isospin index a is implied.

In sharp contrast with the Abelian case, this term does not only contain the terms which
are quadratic in the derivatives of the gauge boson fields, but also the terms

1
J €abe (@LA,“/”)AZA,@ — — G €apcfade AL A AL AC

4 (Ve Vel Vi VM
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This means that there is a very important difference between Abelian and non-Abelian gauge
theories. For non-Abelian gauge theories the gauge bosons interact with each other via both
three-point and four-point interaction terms. The three point interaction term contains
a derivative, which means that the Feynman rule for the three-point vertex involves the
momenta of the particles going into the vertex. We shall write down the Feynman rules in
detail later.

Once again, a mass term for the gauge bosons is forbidden, since a term proportional to
A7 A is not invariant under gauge transformations.

The Lagrangian for a General non-Abelian Gauge Theory
Consider a gauge group, G of “dimension” N, whose N generators, T%, obey the commutation

relations
T T = ifunc T, (1.27)
where fu. are called the “structure constants” of the group (they are antisymmetric in the

indices a, b, c).

The Lagrangian density for a gauge theory with this group, with a fermion multiplet v; is
given (in Feynman gauge) by

1 _
L = _ZFSVFWV + i) (v*D, —mI) ¢ (1.28)
where
Fp, = 9,45 = 0,A% — g fune A} AL, (1.29)
D, = 9,1 +igT"A? (1.30)

Under an infinitesimal gauge transformation, the N gauge bosons, Aj change by an amount
that contains a term which is not linear in A}:

a (& 1 a
5Au(sc) = fabcAZ(:c)w (x) —5 Lw(x), (1.31)
whereas the field strengths F}j, transform by a change

0F;,(v) = fabe F[jy(:p) we. (1.32)

In other words they transform as the “adjoint” representation of the group (which has as
many components as there are generators). This means that the quantity F, F** (summa-
tion over a implied) is invariant under gauge transformations.

1.4 Gauge Fixing

As in the case of QED, there is a problem in determining the propagator of the gauge field,
which necessitates a “gauge choice”.



The quadratic part of the action can be written as
ua Z a v
sret = [ dtel Az (@)l Al (w),
where
Ol = bu (90— 0"")

The propagator should normally be the inverse of the operator O*, but in this case the
operator does possess an inverse as can be seen from the fact that it has a zero mode

O,w(x), i.e.
oM 9w’ (x) = 0

What has actually happened is that the path integral over-counts the space of functions of
the gauge field Aj(z), because a function

o

results in precisely the same action as AB, and therefore contributes the same weight to the
path integral.

We can write the measure of the path integral as
D[A,] = D[AY] Dlw].

In the path integral we should drop the integration over the function w. We can do this
by inserting the functional d—function, §w] into the path integral so that the generating
function (in the absence of sources) becomes

Z = /D[Au]é[w] i

Ag is selected by imposing some gauge condition, such as a condition on the divergence 0- A,

e.g.
J-A = f(x),

for some arbitrary function f(z).
We now wish to substitute the d—function ¢ [w] for the d—function § [0 - A — f], which we
can do as long as we remember there will be a (functional determinant) J%*, so that we

have '
z = /D[Au]é[ﬁ-A—f] JFPiS,

Finally we can (up to an overall constant) “smear” over all functions f(x), by writing
Z = / Df] '/ #rrme @) / DIAG[0- A —f] JFPeS,
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Now we can perform the integration over the function f, picking up the d-function. The
upshot is that a term ( (8 A)? appears in the effective Lagrangian density, so that the
quadratic part of the actlon becomes

spst = [ dtes An@) O .y AU,

where

O oy = b [0+ — aﬂaV>
ab (G.F.) b <g (1 — f)

This gauge-fixed quadratic part does have an inverse, namely (in momentum space)

Pubv\ ¢
_5ab <g,ul/ _g p2 ) E

One of the simplest choices of £ is £ = 0, which is called the“Feynman gauge”. In this gauge
the propagator for a gauge boson with momentum p is

v
—zéab —

Now we return to the Jacobian factor J¥¥-. This is the determinant of the derivative of
the gauge fixing condition with respect to the gauge parameter w. For infinitesimal gauge
transformations

0-A -0-A+0 -Dw

so that
JEP = det[0- D).

We can use a trick to calculate this determinant
det [0 - D] /D ¢t [ de(Copm)

where the functions {(x) (= T?C*(x)) and n(x) (= Tn*(z)), are Grassmanian quantities,
i.e. they are anti-commuting objects. They are known as “Faddeev-Popov ghosts”.

These are not to be interpreted as physical scalar particles which could in principle be
observed experimentally, but merely as part of the gauge-fixing programme. For this reason
they are referred to as ‘ghosts”. Furthermore they have two peculiarities

1. They only occur inside loops. This is because they are not really particles and cannot
occur in initial or final states, but are introduced to clean up a difficulty that arises in
the gauge-fixing mechanism.

10



2. They behave like fermions even though they are scalars (spin zero). This means that
we need to count a minus sign for each loop of Faddeev-Popov ghosts in any Feynman
diagram.

Having introduced these fields, we add to the effective action a term

GFP. _ /d4x (g“(:c)ﬁ . Dabﬁb(l’)) :

Writing this out gives
PP = [t (0P + g e C AL

(where we have exploited integration by parts). From this we see that the fields propagate
into each other with the same propagator as a massless scalar field.
1
5ab_7
P2

and they interact with the gauge field with a vertex that is linear in the momentum of the

field (.

Thus, for example, the Feynman diagrams which contribute to the one-loop corrections to
the gauge boson propagator are

(a) (b) (c)

(d)

Diagram (a) involves the three-point interaction between the gauge bosons, diagram (b)
involves the four-point interaction between the gauge bosons, diagram (c) involves a loop of
fermions, and diagram (d) is the extra diagram involving the Faddeev-Popov ghosts. Note
that both diagrams (c¢) and (d) have a minus sign in front of them because both the fermions
and Faddeev-Popov ghosts obey Fermi statistics.

It is, in principle, possible to make a different sort of gauge choice in which the Faddeev-
Popov ghosts do not interact or do not propagate. The price one pays is that the gauge
condition is no longer Lorentz invariant which is very inconvenient.

e Axial gauge
The axial gauge is the gauge in which a particular component of the gauge-boson field
is set to zero.

11



n-A* = 0, forall a
Under an infinitiesimal gauge transformation this becomes
n-A+n-(D)gw® =n-A%+n-0w* — gfaupen - A'wC.
But the last term vanishes since n - A® = 0. Thus the Faddeev-Popov action is simply
SEP — cap . gpe

and there is no interaction between the Faddeev-Popov ghosts and the gauge boson.

On the other hand the propagator, which vanishes when contracted with n” is

(np” +n"p") PP ) 1

—idy | g™ — —
' b(“q n-p (n-p)?

p2

e Coulomb gauge
In the Coulomb gauge we impose the vanishing of the space-like part of the divergence
of the gauge boson field only

v AT =0.

In this case the Faddeev-Popov action is
§7 = [d'e (¢ 0"+ gfa" - A')
The Faddeev-Popov fields interact but they do not propogate in time -they give rise
to a Coulomb background field only.
The gauge-boson propagator, in this gauge, is

, pip;\ 1.
Zaab <5Z]_ |p‘2]>1¥7 (27]:13)

and the time-component A} does not propagate.

1.5 Feynman Rules

The Feynman rules for a non-abelian gauge theory are given by:
Propagators:

12



Gluon (Feynman gauge)

P b .
L0000 i w1
Fermion
{ _L J iéij(”yupu + m)/(p2 - mg)
Faddeev-Popov ghost
a__ﬁ__b i5ab/p2

Vertices:
(all momenta are flowing into the vertex).

3 fabe (Guw (01 = D2), + Gup (P2 = D3),, + Gou (P — P1),)

b3

a 1%

a
P
D2
v
p
a
i

0
C
2 b —1 g2feabfecd (gupgua - guagup)
_ig2feacfebd (g;u/gpa - g,u,ogup>
_ig2feadfebc (g;wgpa - gﬂPQVo)
o d c
M
—igy" (1),
]
u%a
g fabc Q;L
/N q
LN
/ N
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1.6 An Example:

As an example of the application of these Feynman rules, we consider the process of Compton
scattering, but this time for the scattering of non-Abelian gauge-bosons and fermions, rather
than photons. We need to calculate the amplitude for a gauge-boson of momentum p, and
isospin a to scatter fermion of momentum p; and isospin ¢ producing a fermion of momentum
p3 and isospin j and a gauge-boson of momentum p,. In addition to the two Feynman
diagrams one gets in the QED case there is a third diagram involving the self-interaction of
the gauge bosons.

P2 a b pa

We will assume that the fermions are massless (i.e. that we are sufficiently high energies
that we may neglect their masses), and work in terms of the Mandelstam variables

s = (¢ +p2)2 = (ps +p4)2

t = (p1—ps)* = (p2—pa)°
u = (]91—2?4)2 = (pz—p3)2

The polarisations are accounted for by contracting the amplitude obtained for the above
diagrams with the polarisation vectors €*(\y) and €”()\4). Each diagram consists of a two
vertices and a propagator and so their contributions can be read off from the Feynman rules.

For diagram (a) we get
_j e (P2 e
00w o) (-i2° (1) (1P (g nr) o

= =i L e AT () (477 - (1 + p2)) (TVT) ().

For diagram (b) we get

6u(A2)es )T (ps) (—i g7 (T)5) ( M) (~ig7"(T")) wilp)

u

= —t %2%()\2)6110\4)@ (p3) (Vv - (p1 — pa)¥™) (TaTb) u(pr).
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Note here that the order of the T matrices is the other way around from diagram (a).

Diagram (c) involves the three-point gauge-boson self-coupling. Since the Feynman rule
for this vertex is given with incoming momenta, it is useful to replace the outgoing gauge-
boson momentum py by —ps and understand this to be an incoming momentum. Note
that the internal gauge-boson line carries momentum ps — p, coming into the vertex - the
three incoming momenta that are to be substituted into the Feynman rule for the vertex are
therefore py, —p4, ps — p2. The vertex thus becomes

—9g fabc (g;w(pQ + p4)p + gpl/<p2 - 2p4)u + g,up<p4 - 2p2)z/)

and the diagram gives

e (Aa)e” (\a)T (ps) (=i 9 70(T)%) wi(p1) (‘Z%>

X (=9 fave) (Guw (P2 + 1) p + 9o (P2 — 2P4) pu + Gup(Ps — 2D2) )

- —z’%ze%)e”(w (ps) [T, T vu(py) (g (P2 + Pa), — 2(04)uGp — 2(P2)uGo)

where in the last step we have used that the polarisation vectors are transverse so that
pa - €(A2) = 0 and py - €(Ay4) = 0 and the commutation relations (1.27).
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2 Loop corrections in ¢° Theory

Consider the Lagrangian density for a scalar particle of mass m with cubic self-interaction
with coupling constant A

£ = 500 -6 - 25

DO | =

We wish to calculate the scattering amplitude for two particles of momenta, p; and ps into
two particles with momenta p3 and py.

The Feynman rules for the n'* order perturbative contribution are:

1. Draw all the possible Feynman graphs with n vertices.
2. Write a factor of 1/v/Z for each external line (this will be explained later).
3. Write a factor of )
1
k? —m? + ie
for each internal propagator with momentum k (we take the limit ¢ — 0, but we need
to keep this term to guarantee the proper time-ordering).

4. Write a factor of ¢\ at each vertex.

5. Introduce an energy-momentum conserving d—function, (27)%0%(k; + ko + k3) for a
vertex between particles with momenta k1, ko and k3.

6. Integrate over d*k;/(27)* for each internal line of momentum k;.

At order \? we just have the three tree diagrams

D2 Ps D2 y2 b2 Ps3
(p1 + p2) (p1 — p3) (p1 — pa)
P1 ps D1 P3 p1 22

(a) (b) ()

In each diagram, the integration over the internal particle momentum is “soaked up” by
one of the energy-momentum conserving d—functions and we are left with one overall delta
function

(2m)*5*(p1 + po — p3 — pa),

which multiplies the entire amplitude.

16



For example, the contribution from tree-graph (a) is

S
_Zm’ (2.1)

where we have suppressed the overall energy-momentum conserving d—function and used
s = (p1+ p2)”.

At the next order A* we have graphs which contain one “loop” of internal particles and we
will indeed need to integrate over an internal momentum.

For the corrections to the tree-graph (a), we have the following types of one-loop Feynman
graphs

e Self-energy corrections:

of

e Vertex corrections:

e Box graphs: These “box graphs” are generic one-loop graphs and cannot be associ-
ated with specific tree-level graphs (unlike the vertex or self-energy correction graphs)




Note that each of these graphs has three more internal lines than the tree-level graph and
two more vertices. There is therefore a remaining integral over one of the internal momenta.

2.1 Vertex Corrections:

We will concentrate first on one of the vertex graphs

yz
(k —P3 — P4
(p1+p2)
(k — ps)
k\
Ps

We have implemented the energy-momentum conserving d-functions, by ensuring that mo-
mentum is conserved at each vertex. There is a remaining internal momentum [ over which
we need to integrate.

The contribution to the scattering amplitude from this term is

A / d*k 1
(p1 + p2)? —m? +ie) J (2m)* (k2 — m? +i€) ((k — p3)? — m? +i€) ((k — p3 — ps)? — mQ(; 126))

We have suppressed the overall energy-momentum conserving d—function and also the factor
1/Z% since Z has a perturbation expansion and is unity at leading order, i.e.

7 =1+0(\?),

so we do not need it to this order in perturbation theory.

Using the on-shell condition pj = m? and (p1 + p2)* = (p3 + pa)?® = s we may write this as

A1 / d*k 1
(s —m?+ie) ] (2m)* (k? — m? +ie) (k%2 — 2k - p3 + i€) (k2 — 2k - (p3s + pa) + s — m? + i€)
(2.3)

The integration over k is implemented using the following steps:

18



Feynman parametrize:
Here we use the relation

1

a1a2.-.an

= (n — 1)' /01 dOéldOQ . dan 5(1 _ Zl ai) (24)

(a101 + agag - - - + apoy,)”
Using this, the integral in eq.(2.3) may be written

d(l-a—-B-19)
(k2 —m2 — 2k - (ps(a + B) + paB) + 8 + m2a)®

where we have used o + 3+~ = 1 in the k? and m? terms.

2/° _dadBdy . (25)

Shift integration variable:

K= K+ ph(a+ B) + ph B

The integral now becomes

d'k (1l—a—F5—9)
Q/Q)dM%V@Ln@+up’ (26)

where
A2 = —sf —mPa + (ps(a + B) + puf)? = —sB(1 —a = ) + m*(1 — a(1 — a))
(we have used (p3 + p4)* = s and p3 = p7 = m?)

Integration over k:
This is most easily achieved by rotating k° to ik* and performing the integral in
Euclidean space.

2/#%&2 S(1—a—B—7) 2

dadBdry (k:2+A2+ze)3 ,

The integration over €2 gives 272, the area of a three-dimensional spherical surface, and

k3 dk B (n — 3)!
/@?IEF'_%n—nm@wzw

(provided n > 2).
We end up with

(l-—a—-B-9)

162/‘MWM%(1—a—5m—nﬂ1—aa—a»+u) 28
The integration over v can be done trivially to give
01 —a—p)
16 2 / dadﬁ s(l—a—p)5—m?(1—a(l —a)) +ie) (2:9)
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We will leave the result in terms of this integral - whose exact value would be different in
the more realistic cases where the masses of the internal particles were not the same. We
note, however, that in general the integral has an imaginary part arising form the fact that

%m( ! ) =
(s(1—a—a)f—m?(1—a(l—a))+ic)
—m6 (s(1—a = B)B—m*(1 - ol - a)))

We write the contribution from this graph to the scattering amplitude as

i N ARG (2.10)

(s — m?)

What this means is that the right-most coupling A is replaced by an effective coupling, which
depends on the square momentum s coming into the vertex.

A= AL+ NAF(s)). (2.11)

This means that the coupling is not really constant, but depends on the momenta coming
into the vertex.

We now have to give a definition of the coupling in terms of some measurement, which we
call the “renormalized coupling constant”. There is some arbitrariness in this definition and
we call this arbitrariness “renormalization scheme dependence”.

The coupling parameter that we started off with is called the “bare coupling” and is written
Ao- t is not directly measurable.

Thus, for example, we could define the renormalized coupling to be the coupling in which
all momenta coming into the vertex are on shell, i.e. we set (s = m?) and obtain the
renormalized coupling as

Ao
= = 2.12
)\R Zl’ ( )
where (to order \?)
Zy = (1= NAF(m?). (2.13)

This renormalized coupling can be measured experimentally, and we wish to express the
scattering amplitude in terms of this physically measured coupling. To do this we subtract off
a “counterterm” corresponding to the conversion of the expression (2.10) into an expression
in terms of this renormalized coupling, i.e. adding the contribution (2.10) to

2

—iﬁ (1+ 2% (AF(s) — AF(m?))). (2.14)
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(The replacement of A by A in the correction term does not affect the result at this order
in perturbation theory).

The renormalization scheme we have chosen here is called the “on-shell” scheme since it
defines the renormalized coupling as the value of the three-point coupling when all three
particles are on-shell.

We could have chosen to define Mg at the coupling at some value s = p?, so that eq.(2.13)
becomes

7 = (1= NAF(u?). (2.15)
and eq.(2.14) becomes
)\%% ? 2 2
_ ﬁ (1422 (AF(s) - AF(2))). (2.16)

The numerical values of eqs.(2.14 and 2.16) are identical (up to order A*) - the explicit p
dependence appearing in eq.(2.16) being compensated by the p? dependence of A\g(u?).

We need not have chosen any directly measurable way to define Ag. For example we could
have defined A\g(1) as the coupling of the interaction in which all particles are off-shell with
square momentum p2. This is often done and it is called the “MOM” scheme. In this
scheme the subtraction would again be different and we would get a different expression for
the contribution to the scattering amplitude in terms of A¥9M(;2), but the numerical value
would again be the same once we had inserted the corresponding value of the renormalized
coupling.

2.2 Self-energy Corrections:

Now we look at the “self-energy” graphs. These are the ones in which the loop has one
incoming and one outgoing line (sometimes also called the “two-point function”).

k —

(k—p)

The crosses on the external lines indicate that they have been “truncated” - i.e. the external
line propagators are not included in the calculation of the graph.

Define the “self-energy” function, ¥(p?) such that the contribution from the self-energy
diagram is —iX(p?). This is also a function of the particle mass, m and the coupling Ag.

21



Putting back the external propagators, gives (suppressing the i¢)

iX(p?)
(p? —m?)?

— O OO

It looks as though this has a double pole at p?> = m?, but if we sum over all the possible
numbers of self-energy insertions (including no insertions) we get a geometric series who sum
is

1

2.17
7~ — S07) 247
and this is how the propagator is modified by the self-energy insertions.
Expand 3(p?) about p? = m#% as
1
S(p?) = ~ ((mg —m?) +(Z = 1)(p* — m?) + ER(p2)) (2.18)

The quantity Yz(p*) vanishes quadratically as p> — m%. (The factor Z in the denominator
is unnecessary to this order but would be required for higher order calculations). Inserting
this into the expression for the corrected propagator, (2.17) gives

iZ
(p? — m% — Zr(p?))

We see that the pole has moved to mg. This “renormalized mass” is therefore the physical
mass and the parameter, m, used in the Lagrangian is the bare mass and is henceforth
written as mg. Note that in general ¥(p?) will be complex. For a resonance of an unstable
particles, the imaginary part of mpg is the half-width I'/2 of the resonance..

In the same way, the field ¢, which appears in the Lagrangian are “bare fields”,

o = Vg

These are interacting fields which tend asymptotically (in time) to free in or out free-fields.

OB(%, 1) B Ginioun (X, 1)

It is the propagator of these free fields ¢, or ¢u: which behave like i/(p? — m%)
The upshot of this is twofold:
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1. The LSZ reduction for an S-matrix element in terms of Green functions (i.e. vacuum
expectation values of time-ordered products of fields) should have a factor of 1/ VZ
for each external line. This is the origin of the factor in th Feynman rules mentioned
previously.

2. The renormalization of the coupling constant has a factor of v/Z for each line coming
into the vertex, i.e. a factor of Z%2. So that Eq.(2.12) becomes

ZS/Q
AR = A 2.19
R Zl 0 ( )

For a self-energy insertion on an internal line the factor of Z is absorbed because a factor
of V/Z is absorbed into the renormalization of the coupling a either end of the internal
propagator. For a self-energy insertion on an external line a factor of v/Z is absorbed into
the renormalization of the coupling where the external line is attached to the rest of the
graph and a factor of v/Z cancels against the factor 1 / V'Z in the Feynman rule obtained
from the more careful derivation of the LSZ reduction.

Calculation of mp and Z:
Applying the Feynman rules to the self-energy diagram, we have

) B 1 ) d4k3 1
07) = Z?R/ (2m)* (k2 —m2)((k — p)* —m?)’

Ar should really be Ay, but to this order in perturbation theory we can use the renormalized
coupling - (finally we want an expansion in terms of the renormalized coupling since this is
related directly to a physically measurable quantity). Moreover m should be taken to mean
meg.

(2.20)

The factor of % is a “combinatorial” factor and is determined as follows:

e Expanding the exponential of the interacting part of the action we have, at order \?

5 (5) (o)
6 { } 3 4+ 6 {} 3

There are six ways, to select one of the external lines, three ways to select the other
external line (which must be attached to the other vertex) and two ways to join the
remaining lines together as internal propagators.
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e This gives a total combinatorial factor of

6x3x2x ! x<1)2 = L
21 31, 2

It is necessary to determine the combinatorial factor for each graph. had we done so for the
vertex graphs we would have obtained a combinatorial factor of unity.

Write Eq.(2.20) as

w1, [ d |
20 = i [ 2r) (2 —m?) (P = 2p kit 12 —m?)’ (2.21)

Note that we cannot set p?> = m? here.

Now introduce the trick of Feynman parametrization

o, [ d% 5(1—a—B)
S(p?) = zaAR/W/O e o e . (2.22)

(we have used a + 3 = 1 in the coefficents of k% and m?).

Shift k* — k* 4+ ap* to get

d*k 1

1 1
22:'—A2/—/d . 2.23
v’) g R (2m)* Jo a(k:2 + p?a(l — a) — m2)? (223)
(We have performed the integral over 3 absorbing the —function).
In Euclidean space, after integrating over the angles this is
S(p?) = —— >\2/1da/k:3dk ! (2.24)
P = Ti6n2 R g (k2 — p?a(l — a) + m?)?’ '

This integral is divergent. The divergence is called “ultraviolet” as it arises from the I — oo
end of the integral.

The modern view of such divergences is that there is some ‘new physics’ at some high scale
which serves to regulate these divergences. The most popular such theory is string theory
in which what we call point particles are really extended objects with a length of order 1/A.
The point-like field theory that we use is valid up to a scale of order A, above which the
string-like properties provide a cutoff for these effective integrals which is of order A. Several
string theories have been identified which have been shown to be ultraviolet finite when
treated correctly - these divergences occurring only when one makes the approximation that
the strings can be treated as point-like particles.
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What we need to ensure is that physically measurable quantities are independent of the
cut-off A.

For the self-energy in the ¢3 theory introducing the cut-off gives

3%2/ daln( 2_pé\a(1_a))> (2.25)

%(p%)

The divergence means that the bare mass depends on the cut-off

A2
5 =mj 1 2.2
Mo =g~ 327?2 / derin <m2(1 —a(l— a)) (2.26)

As we go to higher orders in perturbation theory the bare mass mg is adjusted by terms
which depend on the cutoff, in such a way that the renormalized mass mpg is the physical
mass that is measured. my is not directly observable and so its cut-off dependence is not
important.

In most renormalizable theories, such as QED and QCD, the renormalization constants
Z and Z; are also cut-off dependent (UV divergent). This, in turn, means that the bare
coupling is cut-off dependent in such a that the renormalized coupling is related to a physical
measurable in a cut-off independent way.

In the ¢3 case Z is cut-off independent and is given by

0 B At a(l —a)
(Z2-1) = 5320 )emm = —3%2/0 Ao ot o) (2.27)

To calculate the scattering amplitude we also need to consider the box-graphs. These are al-
gebraically very complicated, but in a ¢® theory they do not introduce ultraviolet divergences
and are not associated with the renormalization of any of the parameters of the theory.
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3 Renormalization

The example considered above tells us that if we calculate an n—point Green function defined
as

2m) '8 (pr+ - 'pn)G(n)(pl o Dn—1, Ao, Mo, A /d Ty - dra, e Preepeen) (0|Tp(z1) - - - p(24,)]0),

in terms of the bare coupling \g and bare mass mg, the result will depend explicitly on the
cutoff A.

This dependence of A, however, is such that when expressed in terms of the renormalized
quantities Az and mpg the “renormalized Green function” defined as

Ggg) (pl * Pn—1, )\R7 mR) = Zi(n/Q)G(n) (pl *Pn—1, )\07 my, A)7 (31)

is finite (cut-off independent). It is these renormalized Green functions which are used to
construct the S-matrix elements.

It is useful to work in terms of “truncated” or “one-particle irreducible” Green functions.
These are Green functions calculated from graphs which cannot be separated into two or
more graphs by cutting though one internal line. or a four-point Green function, the box

graphs, such as are one-particle irreducible, since we
need to cut through two internal lines to separate them into two graphs.

whereas vertex or self-energy graphs such as can
be cut into two by cutting a single internal line (in several ways), and are therefore not one-
particle irreducible.

We use the symbol I' to refer to one-particle irreducible graphs, and the relation between
the renormalized and the bare one-particle irreducible Green functions is

F}?)(pl *Pn—1, AR; mR) = Zn/QF(n)(pl © o Pn-1, Ao, Mo, A)- (3.2)

(The self-energy ¥ is the same as I').)

3.1 Counterterms

We should think of renormalization as adjusting the masses and coupling constants (by a
cut-off dependent amount if necessary), such that the S-matrix elements calculated to higher
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orders are cut-off independent and expressed in terms of physically measurable masses and
couplings. In order to perform these higher order calculations it is convenient to view
renormalization as the process of subtracting counterterms, in each order of perturbation
theory, for some one-particle-irreducible Green function.

We do this by writing the Lagrangian in terms of bare parameters as a sum of two terms, one

being the renormalized Lagrangian in terms of renormalized parameters and renormalized
fields and the other being a set of counterterms. Thus for the ¢* theory we have

L= 5 (00— mis?) - 200
The fields are the “bare” fields and are related to the renormalized fields by
¢ = VZor
so we may write the Lagrangian as
L = Lr+ Lor,

where, in terms of renormalized fields, masses and couplings

. A
Ln = 5 (000" 0n — mhoh) — 5ok
and
1 1 1 2 A g3
Lor = 5(Z = V)0u6n0"0r — 5(Zn — Dmidh — (21— D510,
with 7
o= M
and Z
1
)\0 = 73/ )\R'

We now calculate a Green function to any order using Lg, i.e. in terms of renormalized
masses and couplings. We will sometimes obtain UV divergences, which are cancelled when
we consider a graph of lower order with a counterterm insertion.

It is convenient to view these counterterms as extra Feynman diagrams such as —X—  or
/)lr\ , where X represents the counterterm. The subtraction of the counterterm graphs
from the unrenormalized Green functions renders them finite up to a factor of V/Z for each
external line.

For example, for the two-point function (self-energy) we calculate the quantity

Z(p27 )‘Ra me, A)a
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which has an explicit A dependence, but the subtracted quantity
Sr(p*, Ar,mpg) = (2(p2, Arymp,N) — (Z = 1)p* — (Zy, — 1)m%) : (3.3)

is finite and equal (by eq.(3.2)) to Z X(p?, Ao, mo, A). The contribution from these coun-
terterms is therefore equivalent to replacing the renormalized masses by bare masses and
multiplying by Z.

For the three-point function, we have

F(3) (p17p27 )\Ru meg, A)

and the renormalized (finite) quantity is obtained as

Fg) (pbp?u )\Ru mR) = F(3)<p17p27 )\R7mR7 A) + (Zl - 1))\R7

which, by eq.(3.2) is equal to Z*2T®)(py1, pa, Ao, mg, A)

How many counterterms are needed to make all renormalized Green functions finite? The
superficial degree, w(G), of divergence for some Feynman graph, G, is

w(G@) = 4L+ Y d,—Ip—2Ip = > (0y —4)+3Ip + 215 +4, (3.4)

vertices vertices

where L is the number of loops, dy is the number of derivatives in the Feynman rule for the
vertex (each introduces a power of momentum), and gy is the number of internal fermion
(boson) lines. Internal fermion lines carry a power of momentum in the numerator of their
propagators.

L=Ip+1Ip+1-V,

where V is the number of vertices.

Define 3
wy = Oy + §fv+bv,

where fy, (by) are the number of fermions (bosons) emerging from a vertex. Using the fact
that one end of each internal line must end on a vertex we have

3
Z wy = Z 5V+3[F+2[B+§EF+E37

vertices vertices

where Ep(p) are the number of external fermions (bosons).

Thus we end up with

W(G) = 4— ;EF CEpt Y (v —4) (3.5)

vertices

If wy > 4 then as we go to higher orders more and more graphs will have a non-negative
degree of divergence (Er and Ep increase for a given degree of divergence). These are
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non-renormalizable theories, since we need more and more counterterms as we go to higher
orders.

Examples of such non-renormalizable theories are theories with interaction terms of the form
A@®, or g0y ¥9,¢, for which wy =5

If wy = 4 we have a renormalizable theory. We require counterterms for all one-particle-
irreducible Green functions for which %EF + Ep < 4, but once these counterterms appear
at the one-loop level, no further counterterms are required in higher order.

Examples of such renormalizable theories are those with interaction terms of the form A¢*,
gUVUA,, gUe¥, gpd,dA*. These have wy = 4.

There is one exception:

The above analysis of the degree of divergence assumes that propagators for bosons of mo-
mentum p always behave as 1/p? as p — oco. For massive vector particles the propagator
is

., (g;w - pupu/m2>

p2_m2

and some of the components are constant as p — oo. Theories involving massive vector
particles are in general NOT renormalizable. The exception is the case in which the mass
of the vector boson is generated by Spontaneous Symmetry Breaking of a gauge theory. In
that case it is possible to choose a gauge in which the propagator of the vector boson does
indeed vanish like 1/p? as p — oo.

If wy < 4 we have a super-renormalizable theory in which the number of counterterms
needed to render the Green functions finite decreases as the number of loops increases. The
interaction A\¢® is an example of such a theory. The only cut-off dependent counterterm is
the mass renormalization and this is only cut-off dependent at one loop. What this actually
means is that beyond one loop the counterterms which we introduce in order to express
S-matrix elements in terms of physical quantities are cut-off independent.

For the rest of this section we assume that we are dealing with a renormalizable, rather
than a super-renormalizable, theory with generic coupling constant \ so that we assume
that vertex correction graphs are ultraviolet divergent and that the divergences do persist
in higher orders.

The real degree of divergence of a Feynman graph is the largest superficial divergence of any
subgraph

For such graphs, in a renormalizable theory such as QED, the superficial divergence of the
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entire graph is negative (box-graphs are UV finite T), but the real degree of divergence is
the divergence of the self-energy insertion on one of the internal lines. This means that in
association with the above graph we require a counterterm graph

N
P

This counterterm renormalizes the mass of the internal line to which it is attached and also
contributes to the renormalization of the couplings at either end of that line.

The other graphs which contribute to the renormalization of the couplings are all the re-
maining vertex corrections at all four vertices and all other self-energy insertions on internal
and external lines, e.g.

()
N

ete.

If we look at the one-loop graph with the coupling constants taken to be the bare couplings

and write

Z
)\0 = W)\Ru
expand Z and Z; to order \% we get the above diagram with )\ replaced by Ag everywhere
plus all the possible counterterm graphs such as

A AV
P P2y

ete.

Y

In a non-abelian gauge theory box diagrams with four external gauge-bosons also require renormalization.
This is because there is a four-point coupling between four gauge-bosons at the tree level proportional to g2
and the renormalization of the coupling constant, g gives rise to a counterterm for the four-point gauge-boson
graph.
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Together with the counterterms associated with mass renormalization, these counterterms
render all the divergent subgraphs finite up to a factor of v/Z for each external line. The
renormalized Green function expressed as a power series in the renormalized coupling and
using renormalized masses is therefore cut-off independent, provided the counterterms asso-
ciated with all the superficially divergent subgraphs have been accounted for.

This technique can also be used for the higher order computation of a Green function which
itself has a non-negative degree of superficial divergence.

For example, at two loop level there is a graph contributing to the self-energy which is

m To this we must add a counterterm which renormalizes the
mass of the lower propagator, and a counterterm (Z — 1) which contributes to the renormal-
ization of the couplings of the one-loop graph.

o The remaining contribution (which for a general renormal-
izable theory will still be cut-off dependent), contributes to the A% term in the expansions
of Z and dm.

Sometimes we will have overlapping divergent sub-diagrams such as

Associated with this we have two counterterm graphs, corresponding to renormalizations of
the vertex on the left- and right- of the graph.

There are also some graphs which have no divergent subgraphs, but which are nevertheless
divergent and contribute to a counterterm at order \%
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The subgraphs are all four-point, which we assume to be finite
in the theory we are considering, but there is an overall divergence which contributes to Z;
at order \%.

The central theorem of renormalization (proved by Bogoliobov, Parasiuk, Hepp and Zim-
merman (BPHZ) ) states that this procedure can be used to render cut-off independent all
renormalized Green functions provided their superficial degree of divergence is negative. In
other words, for a renormalizable theory we have a finite number of counterterms, which, in
general, have cut-off dependent contributions in all orders in perturbation theory. Provided
these counterterms are used in association with all divergent subgraphs, then as we go to
higher orders we do not have to introduce further counterterms to cancel off infinities that
occur in subgraphs.

3.2 Regularization:

A regulator is a process which renders finite a momentum integral which is superficially
divergent. Ideally, we would like the regulator to preserve the symmetries of the theory, so
that the counterterms calculated using that regulator automatically preserve the symmetries.
The simple cut-off procedure used previously does not in general do this.

Pauli-Villars Regulator

Before the relevance of gauge-theories was recognized, the most popular method of regulating
ultraviolet divergent integrals was to replace a propagator

by the regulated propagator

where g = 1 and mg = m.
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If we expand each term of this sum as a power series in k? we get
[e's] 00 2
a; a;m; 1
2t +O<%>'
=0 =0
For a renormalizable theory the maximum superficial power of divergence of any integral is

quadratic, so that the O(1/k°) terms are ultraviolet finite. The finiteness of the regulated
integral is then guaranteed by requiring that

S
Z a; = O,
=0

(e o]
Zaim? = 0.
i=0

Dimensional Regularization

The above method of regularization is unsuitable for gauge-theories, because gauge invari-
ance requires that the gauge-bosons should be massless, so that the Pauli-Villars regulated
propagator, which introduces masses, would break this gauge invariance.

A more useful method is the method of “dimensional regularization”, which relies on the
fact that most symmetries (excluding supersymmetry, which will be discussed briefly later)
do not depend on the number of dimensions of the space in which we are working.

The integral that we wish to regulate is performed not in four dimensions, but in a number
of dimensions, d, for which the integral is finite. An analytic continuation is made in the
variable d. This analytic function can be expanded as a Laurent series about d = 4 and the
fact that the symmetry is preserved in all dimensions means that each term in the series will
respect the symmetry. The divergences appear as poles at d = 4 and the regularization is
effected by removing these poles.

In d dimensions the typical integrals that we obtain after going through the steps of Feynman
parametrization, shifting the variable of integration, and rotating to Eucidean space is of

the form
_ (=D~ dk (=D dQ kT dk
]O(Oé) = Z<27T)d /(kQ—i—AQ)a = Z<27T)d / (k2—|—A2)a'
27d/?
[0 = )

is the area of the surface of a sphere in d dimensions, and

/00 ¥ Vde T(d/2)T(a—d/2)

@+ 1) T(a) ’

so that the integral we are left with is

~—~

—1)* I'a —d/2)
(i) T(a)

A2 (3.6)



If a > (d/2), the integral in finite. As an analytic function of d, it has poles if (o — d/2) is
zero or a negative integer.

We perform a Laurent expansion about d = 4, defining the quantity € T by
d = 4—2e,

giving rise to a pole term at € = 0 for any integral which is superficially divergent in four di-
mensions, plus terms which are finite as € — 0. Each of these terms preserves the (dimension
independent) symmetries of the theory.

For example of o = 2 we get

T(e) r4m\© i /1 4
672 (ﬁ) = 1672 (E in (ﬁ) ~YE O@) ’

where we have used

D(e) = < — 7+ O(e).

In the so-called “minimal subtraction (M.S)” renormalization scheme the pole part
i
1672 €

is associated with the counterterm and the regularized integral is the remaining part
n(—|— )
1602 \ " \az) P

However, the In(47) and the Euler constant vg. always appear in the finite part of the
integral. They have no physical significance and are merely an artifact of the subtraction
scheme. A more convenient scheme is the so-called “MS” scheme, in which the In(47) and
the vg are subtracted off along with the pole part, so that the counterterm is

7
1672

(% + In(47) — ny)

and the regulated integral is

- 16Z7r2 In (A2) )

We note that choosing the counterterms to be the pole part as in the M.S scheme or using
the MS scheme are perfectly valid renormalization prescriptions. However, in these schemes
the renormalized coupling constant is not directly related to any physical measurement.
Furthermore the renormalized mass is not the physically measured mass. Nevertheless the

TMany authors use a definition of d = 4 — e. We choose this definition because d/2 appears very often in
the formulae for the integrals.
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renormalized couplings and masses obtained in these schemes can be used as parameters, and
all physical observables - including masses - can be calculated in terms of these renormalized
parameters.

A further integral, which will occur often in higher order calculations is of the form

(=1)  dik kg
"(2n)d / (k2 + A%)e

Now by symmetry this will only be non-zero if ;1 and v are in the same direction, so we may
write

.(_l)a / (dd/{? k*EY . —[2(a)g“”, (37)

l
(27T)d k2 + AQ)a
(the minus coming from the fact that we have rotated to Euclidian space). Contracting both
sides with g, are recalling that ¢"”g,, = d, we have

O (=De o dER?
L) = =05 / (k2 1 A%)o

Writing k% = (k* + A?) — A% we have

1
L(a) =~ (To(a = 1) = A%Ip(a))
Using Eq.(3.6), this gives

(=1 s an (Tla—=1-d/2) T(a—d/2)
L(a) = —Z(Zm)d/QAdJr ( dT(a—1) B dl'(«) )

Manipulating the I" functions this reduces to

_ (=D yara2al(a—1—14d/2)
blo) = —rmand 2T(a)

(3.8)

Another useful integral is obtained by contracting both sides of eq.(3.7) and using eq.(3.8)

(=1 [ ARk (=) d ey auT(a—1—d/2)
“(2n) / Grrans 4B = SigmiE s A T(a)

(3.9)

Other consequences of dimensional regularization are:

1. The action, which must be dimensionless, is now
S = / Az L.

From the quadratic part of the Lagrangian density, we conclude that a fermion field,

which enters as U~ - 9U must have dimension % — ¢, whereas a bosonic field, which

enters as (9,¢)? or F,, F*, must have dimension 1 — .
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When we consider the interaction terms, this in turn implies that the couplings acquire
a dimension which differs from its dimensionality in four dimensions. For a renormal-
izable theory, the couplings are dimensionless in four dimensions. However, in 4 — 2¢
dimensions this will not be the case. For example, the bare electromagnetic coupling
in QED, defined by the interaction term in the action

/d4_261‘60\I/7MAM\I/,

must be replaced by

/d4*2€xéo(u),u€\i17“AM\If,
where p is some mass scale and éy(u) is a dimensionless quantity. In other words the
bare coupling ey has dimension e.

When this is expanded as a power series in €, we find that there is always a term In(u?)
accompanying the pole at ¢ = 0. This scale p serves as the subtraction point in the
renormalization procedure.

. In dimensional regularization, the Dirac algebra must also be carried out in 4 — 2e
dimensions.

{7} = 29",
but
Guwg"" = 4—2€

e = (4 =201
Thus, for example
VY = —2(1 - ey,
VAN = 497 = 269",
VAN = =29 A+ 2607

Strictly, we should also have
vl = 292

but it turns out that one can always use
Tl = 4,

and absorb the factor of 2#/272 into the renormalization of the coupling.

Dimensional Reduction:

This method of regularization is not suitable for dealing with supersymmetry which only
holds in a given number of dimensions. For example, in a four dimensional supersymmetric
theory a Majorana fermion has two degrees of freedom and is accompanied by two scalar
superpartners. A vector field has four degrees of freedom and is accompanied by a Dirac
fermion, which also has four degrees of freedom.
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The solution to this problem is to introduce extra scalar particles called “e—scalars” which
compensate for the “lost” bosonic degrees of freedom as the number of dimensions is reduced
below four. Thus, for example, in three dimensions a vector field is replaced by a vector
field with three degrees of freedom plus a new scalar field which interacts with the fermions
with the same coupling. In this way, the fermion, the vector field and the extra scalar can
be combined into a supermultiplet.

The upshot of this scheme is that the Dirac algebra is once again carried out in four dimen-

sions, using the rules of the four dimensional, whereas the integrals over the loop momentum
is carried out in 4 — 2¢ dimensions.
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4 One-Loop Counterterms in QED

4.1 Fermion Self-energy

(p—k)
We work in Feynman gauge. Applying the rules of QED we have (in d dimensions)

Stm) = i [ G LI e = )

where we have displayed explicitly the scale dependence of the coupling outside four dimen-
sions.

Introducing Feynman parameters, we get

2N o2, d’k ! N o Y (v (p—k)+m)y,
Bm) = et [ o [ o asst- ﬁ)<k2<a+6>—2p-ka+<p2—m2<>a>>2
4.2

Now shift £ — k + pa (and perform the trivial integral over 3 absorbing the d-function)

2 2,4 ﬂ ! o 7 (v-pd—a)+m)y,
X(p°,m) = :U( )/ (27)01/ d (k2 + p*(a(l — ) —mQa))Q (4.3)

We have omitted a term

€204~ d>/dk/1 Yy - by,
o (k2 +p*(a(l —a) —ma))”’

which vanishes by symmetry since the numerator is odd in %k, the denominator is even in k
and we must integrate over all directions of the vector k.

Setting d = 4 — 2¢, using ¥ - pvy, = —2(1 — €)y - p, 77, = 4 — 2¢ and the result from
eq.(3.6) we have

62

_ (16772)F<€) /01 do [2(1 — 6)(1 — Oz)fy “p— (4 _ 2€)m] (

S(p?m) =
(v, m) m%z—pozl—oz)

(4.4)
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Expanding in € and keeping only the terms which do not vanish as € — 0, we get

SGm) = e [ da 21— a)yep—am) (2 nam) )
+ /01 da (27 p(l—a)—2m + (2(1 —a)y-p—4m)In <m2a _p;;l(l - O‘>>>1(4.5)
Performing the integral over av except in the last term, this reduces to
e? 1
20%m) = e (e p=4m) (< +In(dm) 1)
+ (7 p—2m + /01 do (2(1 = )y - p — 4m) In (m%‘ _p;;)‘(l - OO))] (4.6)

In order to obtain the (physical) mass subtraction term, dm, and the wavefunction renor-
malization constant Z,, we must expand this in a power series in (7 - p — m), making use of
the relation

pP=m? = (y-p—m)(y-p+m) = 2m(y-p—m)+O((y-p—m)?).

This enables us to expand the logarithm about p? = m?2. This gives

S(pm) = ﬁ [3m (% + In(4m) —vE) —m+2m/01 do(1 - a)ln (mﬂf )]
+(1§7T2) ll_%_ln(47T)+VE+2/01(1—a)ln (mug >+4/01da¥1 (v-p—m)

+O0((v-p—m)?) (4.7)

The terms which are O((y - p —m)? and higher are finite and independent of the scale p.
They make up the renormalized self-energy Yr(p?,m). The last integral over « in eq.(4.7)
diverges at a = 0. This is a new type of divergence caused by the fact that the photon is
massless - it is called an “infrared divergence”. For the moment we regularize this infrared
divergence by assigning a small mass, A to the photon wherever necessary (i.e. we only keep
terms in A which are not regular as A — 0. When we do this the last integral in eq.(4.7)

becomes ) a 2) . )
ol — o m

Writing (to this order in perturbation theory),
S(p*,m) = dm+ (Zs = 1)(v-p—m) + Zp(p*,m).
we have for the mass renormalization (introducing the fine-structure constant o = e*/(4r)),

o= e |3 (Etim) <) 12 [t - (%)

a (1

4 m?
= 3mE - +In(47) —vg + 3 +In z)) (4.8)

39



and for the wavefunction renormalization constant,

a 1 1 m2a? 1 a(l—a?))
Zy = 1+ 1-Z_m{ 2 [[(1=a)1 1 d
2 +47r[ . n(4r) + e + 0( O‘)“( 02 >+ 0 aa2+(1—a))\2/m2

o 1 2 m’
= 1+E l———ln <W> + g —In(47) —4 4+ 21n (ﬁﬂ . (4.9)

4.2 Photon Self-energy (Vacuum polarization)

(k—aq)

k

The photon self-energy I1#”(¢?) is, in general, a two-rank tensor, which is formed from the
four-momentum of the photon , ¢* and the (invariant) metric tensor. It must therefore have
the form

" (¢*) = A(¢*)g" + B(¢*)q"q".
On the other hand 11" (¢?) obeys a Ward identity
qMHMV(QQ) = 0.
This can be seen by writing

1 . 1 B 1 B 1
M g mm) e k—a-m) (e k-m)

Q0 -
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Applying this to the one-loop graph representing the photon self-energy, we get the difference
between two graphs in which one of the two internal fermion propagates has been killed. But
these two graphs are identical and so the difference is zero.

We may therefore write

™ (¢%) = (—9"q* +q"¢") W(¢*) (4.10)
In other words only the transverse part of the photon propagator acquires a higher order
correction.

The photon has no mass and therefore no mass renormalization. There is only a photon
wavefunction renormalization constant Z3.

1

(¢*) = A ((Zs -1+ HR<Q2)) : (4.11)
3

where TIz(q?) is the renormalized (finite) part of the self-energy. At the one-loop level the

prefactor 1/Z3 in eq.(4.11) may be set to unity.

The fact that only the transverse part of the photon-propagator acquires a higher-order
correction means that the gauge parameter, £ is renormalized. If we write the leading order
propagator as
v WAV AV
[(g = 24) — (€ - 1)Zf]

The renormalized propagator is

Zs (g — ©F [ v
¢* (1 —Tr(q?)) q

The transverse part of the propagator is renormalized but not the longitudinal part. Near
¢*> = 0, the renormalized propagator looks like

Zy [(9" — LF) — (¢r — 1) ZF]
_ g |

where

€n-n=E2

Now returning to the one-loop graph and inserting the Feynman rules, we get

'k i(v-(k‘—QHm)(_ie y)i(v-k‘+m)
(2m)! (k=g —m) R =)
An overall minus sign has been introduced for a loop of fermions. This arises form the fact

that the Wick contraction required to construct the Feynman graph requires an interchange
of two fermion fields, thereby introducing a minus sign.

I (¢2) = —i,u4’d/ Tr [(—m“) (4.12)
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Feynman parametrization gives

Ak 1 Tr v (~ - (k — Vin o ke
() = —iettt [ M aaaps - - p D00 Gk
(2m) Jo (k? = 2k - gqa + ¢?a — m?)
(4.13)
Performing the trace (and integrating over [3) gives
" (¢*) = 4¢62u4—d/ d’k /1 g™ (k- (k —q) —m?) — 2kME” + K'q” + ¢"k” "
(27T)d 0 (k? _Qk.qa+q2&_m2>2 . .

Shifting k* — k* + ¢"a we get

" (¢*) =

)

d 1 Nz 2 1 — 2 2\ _ ek v 2q(1 — .7
(2m) Jo (k2 + ¢?a(1 — a) — m?)
(4.15)

where once again we have omitted terms linear in k£, which vanish by symmetric integration.

From eq.(4.10) it is sufficient to extract only the terms in the above integral which are
proportional to g"”. Using eqgs.(3.6), (3.8) and (3.9) we have (setting d = 4 — 2¢)

2

e 1 47
) = [t

2

>>6 [T(e -1) (%(4 — 2€) — 1> <q2a(1 —a) — m2)

472 m? — ¢?a(l — «
—I'(e) (q2a(1 —a)+ m2)} (4.16)
Usin
° [(e)
Fle—1)=—

(1—¢)
it can be seen that the RHS of eq.(4.16) becomes proportional to ¢%, so we have

2

M) = —<—1(¢) /Oldaoz(l—a) (mQ_‘”“Q )>6 (4.17)

272 ¢a(l —«

Expanding in € up to terms which vanish as ¢ — 0, and performing the integral over o where
appropriate, this gives
2

(¢%) = _1;7r2 E +In(4m) — g — 6/01 daa(l —a)ln (m2 — qj;(l — a))] (4.18)

We define Z5 to be 14 I1(0), so that we have (in terms of the fine-structure constant, «)

a [1 m?
Zs =1— 3 lz +1In(47) —yg —1In (F)} : (4.19)

™

and the renormalized photon self energy
Mr(¢*) = T(¢*) = (Z5 - 1),
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is proportional to ¢? so that it vanishes as the photon goes on mass-shell.

4.3 The Vertex Function

The fermions have momenta p and p’ and the photon has momentum ¢ = p’ — p. In general,
we will have processes (such as Compton scattering of photons off electrons) in which one
of the fermion legs are internal and therefore off-shell. Here we restrict ourselves to fermion

scattering in which both the fermion legs are on-shell, i.e. p* = p'2 = m2.

Using the Feynman rules the vertex correction factor, I'*(p, p’) is given (in d-dimensions and
in Feynman gauge) by

d?k
(2m)4

where we have introduced a small photon mass A in anticipation of the fact that we will also
have infrared divergences here.

(—iev”)i

Mp.p) = M4_d/ (Z-(p’—ka) i(y-(p—k)+m)

R A (P R e U

Introducing Feynman parameters (see eq.(2.4)), this may be written

i(l-a-pB-yN
(k2 — 2k - (pa + p/B) — A2y)*

ddljd /0 " dadBdy (4.21)

Fu(pap,) = _i262ﬂ4_d/(2ﬂ_

where A is the numerator

N = 9"y = k) +mn"(y - (p = k) +m)y
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Shift &k — k + pa + p'fB (and perform the integral over ), to get

d 1 Lo
T Y Sy A [ R S LR R
(2m)* Jo (2 = X2(1—a — B) —m*(a + B)? + ¢?af)
(4.22)
where we have made use the on-shell condition of the fermions and written p-p’ = m? —¢*/2.

Na = kpkoy" 77,
is the part of the integral which will give an ultraviolet divergence. Using eq.(3.8), the
contribution to the vertex correction function from this part is

v / o 62 v,.o (o} 47T'U/2 ‘
P p.p) = 32W2F(6)/d0‘d60(1 o Y ((m2(a+6)2 —q2a6)>
_ e dm i C_
= 50 [ dadso—a = pya - o <<m2<a+ 6)2—q2a5)> B
9 1 2 2 2
12727“ [E +In(4m) — yp — 2 — 2/dad69(1 —a—-f)hn <<m (o + i)z q aﬁ))] (4.23)

The Ny term does not lead to an ultraviolet divergence and may be calculated in four
dimensions T . We have

No = 7"(v-P(L=B) =y -pat+tm(v-p(l —a) —v-p' B+m)y,
which we may write as
No = =2(y-p(1—a)=y-p' BV (v-P' (1= B) —v-pa) —2m*y" +4m(1 —a — B)(p+ )",

where we have used the symmetry under a < 5.

We can consider Nj to be sandwiched between fermion spinors @(p’,m) and u(p, m). We
have the identity

1 1 174 174 N v
(p+p) = 5y +p)"t = -2 3"y p =547 "] = 2mt +ig,o”
where in the last step we have used the fact that v - p’ on the left or v - p on the right
generates m since they are adjacent to fermion spinors. The matrices 0# are the generators
of Lorentz transformations in the spinor representation
5 l

[ N R 7
o 2[’%7]

Furthermore, we have
Yooty a = 20"y g+ gty

TOnce again, the numerator term A7, which is linear in k after shifting, is omitted since it vanishes by
symmetric integration.
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The first term vanishes when sandwiched between fermion spinors leaving only the term
21
Q.

Using these relations the numerator Ny becomes
No = (80—a=5)—2-2(1—a—BP)m* —2(1 - a)(1 - A)¢*) +*

+aim (1—a— 8) — (- a)(1 - B)) g,0™.

The counterterm associate wih the vertex is (Z; — 1)y*, so we write
Ip = '+ (2= 1)y,
where T'}, is the finite renormalized vertex correction.

The usual definition of the renormalized electromagnetic coupling is the coupling at zero
momentum transfer. In other words we must choose the renormalization constant Z; such
that T (p, p) = 0, so that we get for

62

1672

1 2
Zy = 1+ —— —In{@r)+yp—In|— | +2
€ m

+4 / dodBO(1 — a — ) {ln(a +B) + mQQ%;(O‘;: 55))2 :L ‘;2_( 1“_;“__5)@ H .(4.24)

The last integral has an infrared divergence as A — 0
The nested integral over o and [ is most easily performed by the change of variables
a = pw

B = p(1-w)

The range of p and w are now both from 0 to 1, and there is a factor of p from the jacobian.
The integrand depends only of p so the integral over w just gives a factor of unity. We now
have (in terms of the fine-structure constant, «)

47 €

7 = 14— [_l_ln(4w)+vE—ln<T‘;—z>+2+4/01pdp{1n(,o)+2(1_p)_1_(1_p)2H

7+ (1= pA2jm?

al 1 > m?

Examination of eq.(4.9) shows that we have
Zy = Zs.
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This is to be expected fropm another Ward identity. As in the case of the photon propagator,
we can write

1 1 1 1
, 74 = ~ T
v —k)-m" “y-p-k)-m  y-(p—k)-m y-p-k)-m

which lead diagrammatically to the “Ward identity”

-D p

The dashed line just represents the insertion of the momentum ¢ into the fermion line.

Thus we see a relation between the vertex correction and the self-energy of the fermion. One
of the consequences of this is that the divergent parts are related such that

. Fﬂdiv — Ediz;(p) . Ediz;(p/)

The LHS is (Z; — 1)q - 7. The mass renormalization cancels out from the two terms on the
RHS and we are left with Zy(p' - v —p - 7).

The renormalized vertex function has a term proprtional to v* and a term proprtional to
q,0", and may be written as

i
I ="Fi(q?) + %qya‘“’FQ((f) (4.26)

The functions F; and F, which depend on ¢? for the case of on-shell fermion legs are known
as the “electric” and “magnetic” form factors respectively.

The exact expressions for F} and F}, are very complicated, but simplify in the limits ¢ > m?
and ¢®> < m?. For ¢®> > m? we have:

Pl — 1— % Kln (%j) - 1) In (T—j) +1n (%j) —2]



For ¢ < m? we have:

The magnetic form-factor in the limit ¢> — 0 acts as a correction to the magnetic moment
of the electron, p. In leading order

e
M _gSQma
with g, = 2. But in higher order
o
=2 = — e,
9 27 *

This has now been measured for the muon up to one part in 10° and calculated in QED up
to five loops. The calculation up to three loops in QED agrees with experiment. There has
recently been reported a two standard deviation discrepancy between the experimental ob-
servation and the theoretically calculated value. This discrepancy is assumed to be evidence
for physics beyond the Standard Model rather than a breakdown of the validity of QED.
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4.4 Ward Identities

The fact that ¢,I1"(¢*) = 0 and Z; = Z, are examples of Ward identities derived from the
fact that the interaction Hamiltonian density may be written e A,(x)j*(z), where j#(x) is
the conserved electromagnetic current, i.e. d,j" = 0.

The photon propagator, G*(¢?), can always be written as the tree-level contribution, G§"(¢?%)
plus a correction which may be expressed as the tree-level propagator multiplying the vac-
uum expectation value of the time-ordered product of the electromagnetic current and the
photon field. This is because the first interaction of the free photon is always with the
electromagnetic current, i.e.

() =GR |9 — i [ d'aemOIT () A, (0)10)] (4.27)
where, in a general gauge, the tree-level propagator is

(9~ &)
2

GH(¢?) = —i
0 (q ) q
(2 q’
qMGO (q ) = _qu_Q
) ) 0
_iP 4. —iq-xT - - _ 4. —iq-x -
ia” [ d've 1= (O[T, () 4,(0)]0) [ d'ae 5 O3 (0) 4,00

= [ (0] o(w), A,0)]10)6(z0) = O

where the last term arises because the derivative w.r.t. z, has to act on the time ordering
operator T giving rise to d(xg), as well as acting on the current, giving a term which vanishes
by current conservation. The result is zero because the electromagnetic current and the
photon field commute.

This then implies that

0.G"(¢*) = ¢.G6" (%),
i.e. the longitudinal part of the photon propagator does not acquire higher order corrections
to any order in perturbation theory.

We now apply the same technique to the quantity
/ d'zd'yd 2" PVED(0| T, (2) U (y) U (2)[0) = ST (p,p)S(p)(2m) "6 (p+q — p),

where S(p) is the full electron propagator



/

p p

Here the quantity denoted as I'* is the one-particle-irreducible vertex calculated to all orders
and includes the tree level term egvy*.

Contracting with g,,,

/ . i(p'2—py—qzx 9 . T
0.3\ (p, ) S(p)(2m)*s* (p+g—p) = i / d*adtydze' @ =Ty )—ax (0|Tj* ()W (y) W (2)|0)
I

Since 0,7" = 0, we only pick up the contributions from the derivative acting on the time-
ordering operator so this gives

[ dtadtydt == (O [jo(a), ()] T)/0)0(z0 — v0)

~(OIT [jo(x), W(2)] ¥ (1)[0)3 (0 — 20)
where the relative minus sign arises from commuting two fermion fields. Using
Jo(a) = U (2)¥(x)
and
{(@), U (y)} 6z —yo) = 0*(x —y)
the commutation relations give
[o(2), W()] d(w0 — o) = —P(y)d'(z —y)
o(x), U(2)] (o — 20) = —W(2)0"(w — y).
Integrating over x to absorb the d—functions, we get
.S (p,p)S(p)(2m) "0 (p+q — 1) =
—i/d4yd4ze’i%(q’p/+p)'(z+y) [eip/'(z’y)<0\T\If(y)§(z)\0> — eip'(yfz)<0\T\Il(y)5(z)\0>}
= i(S(p) —SW)) @2m)'o* (p+q—p) (4.28)

(here T'* includes the tree diagram ~* as well as all higher order corrections).
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Dividing both sides the the external fermion propagators, this gives
o (p,p) = i(S7W) =5 w) = (S0) —S@) +v-p—7-1). (4.29)
This identity is clearly obeyed in leading order, where it becomes
voa=(p-m—(-p-m).

We have shown that this works explicitly at the one-loop level. The above derivation estab-
lishes the result to all orders in perturbation theory.

For very small momentum transfer g, — 0 the identity reduces to

0

I(p,p) = o,
m

(X(p) =7 p)-
Before renormalization, I'*(p, p) ( recall that this includes the tree-level contribution) is Z; v#

so we have:
H Zy—1
T (1 — (Z2 :
71 7y

where we have written

S(p) = Zi (Zabim + (Zo — 1)y -p—m)) + O((y - p — m)?).

We have thus established the relation
Zy = Lo, (4.30)

to all orders in perturbation theory.

Had we calculated Z; and Z5 in a different gauge we would have obtained different values. Z;
and Z5 do not themselves correspond to physically measurable quantities and may therefore
be gauge dependent, but we always have the relation Z; = Z,. Z3 is gauge invariant.
Piecing this together we therefore have the fact that the bare coupling, which is related to
the renormalized coupling simply by ey = \/Zseg, is gauge invariant.

4.5 Finite Renormalization

We have defined the renormalized electromagnetic coupling constant to be the value of the
coupling of an electron to a zero momentum photon. This is a sensible definition but it is not
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unique. We could have chosen a different experiment, e.g. e* e™ scattering at the threshold
s = 4m?, to determine the coupling.

Alternatively, we could have chosen a definition which did not directly correspond to a real
experiment at all. For example, we could have made I'*(p,p’) finite by subtracting the
contribution from the Feynman graph at an unphysical point where all three external legs
had square momentum p? = —p?. Furthermore, we could have subtracted the infinities in
the electron propagator by defining

Sm = S(p, )y
0

(Zy—1) = e 'p)Z(p, M)|y-pip

and for the photon propagator

(Zs —1) = T(—p?).
Such definitions would be sufficient to subtract all the infinities rendering the renormalized
Green-functions finite.

Such a renormalization scheme has the following consequences:

e The renormalized coupling constant does not correspond to a physical quantity. All
such quantities (including zero momentum transfer potential scattering) would have
to be calculated in terms of the renormalized coupling eg defined in this scheme.

e The renormalized fermion self-energy would not be proportional to (v - p — m)?, but
would have the form

—Am + AZs(y-p—m) +O((y-p—m)?),
where Am and AZ, are finite. The physical mass (position of the pole of the propa-

gator) would not be at mr = m + dm but at mgr + Am.

e 75 would not be the same as the Z, which appears in the LSZ reduction formula for
the S-matrix elements, but would differ from it by a finite amount.

Nevertheless, such unphysical definitions of the counterterms are often useful.

e QED provides a natural definition of the physical coupling. But in other field theories,
such as those with massless gauge particles, no such physical definition arises naturally.

e [t may not always be possible to perform “physical” renormalizations for all masses
and couplings in a given theory without introducing counterterms that violate the
internal symmetries of the theory. Spontaneously broken gauge theories in which the
gauge-bosons acquire different masses is an example of this. One cannot perform on-
shell subtractions for each the gauge bosons, because gauge invariance only allows one
wavefunction renormalization constant for all of the gauge-bosons.
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e A simpler way of defining counterterms can help higher order calculations.

e General renormalizations introduce a subtraction scale . The renormalized Green
functions depend explicitly on u, but so do the renormalized parameters ez and mpg
in such a way that the physical S-matrix elements are p independent. This can be
used to obtain information about the behaviour of renormalized Green functions as
the momenta are scaled up or down.

Dimensional regularization introduces a scale p associated with the dimension of the coupling
constant outside four dimensions. A simple and practical renormalization prescription is to
define the couterterms to be the pole parts of any given graph. This is the “MS” scheme - we
can also use the “MS” scheme in which the countertems consist of the pole part along with
the In(47) — vg that always accompanies it. Such a renormalization automatically generates
counterterms which generate the (dimensionality independent) symmetries of the theory.

In the M .S scheme we have, for the fermion propagator

3 1
om = el {E + In(4m) — WE]
o 1
Z — 1 = — | ——= — 1 4
and the renormalized propagator is
1 20 — p2a(1 —
Sr(pm) = =1 l(’v p=2m)+ [ da (20— a)yp—4m)hn (m o pﬂ;” O‘)ﬂ

We again have Z; = Z,. This is obeyed exactly because the M.S renormalization scheme
preserves the gauge invariance. However, for a general “unphysical” renormalization scheme
only the infinite (pole) parts would necessarily obey this relation.

For the photon propagator in the M S scheme we have
a [1
(Zo—1) = -2 {— + In(dn) — yE}
3m Le

with the renormalized propagator

z(¢?) = 2?(1 [/01 daa(l — a)ln (

m? — ¢*a(l — )
12
(ITg(¢?) does not vanish as ¢ — 0 in this scheme and nor does Y g(p, m) vanish as y-p — m

).

In dimensional regularization the dimensionless renormalized coupling, ag, (= g%/(47)) is
related to the bare coupling g by the relation

apl
on = pFan <1+50_R_+...>, (4.31)
47 €

so that ag is an implicit function of the scale u - despite the fact that it is dimensionless.
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5 The Renormalization Group

5.1 The g-function

The value of renormalized coupling constants are renormalization prescription dependent.
In particular, they depend on the value of the momentum g, at which the infinite Green
functions are subtracted - in dimensional regularization this is the mass scale, p, which
controls the dimensionful bare coupling outside four dimensions.

In d = 4 —2¢ dimensions in the M .S scheme, the renormalized dimensionless coupling, gr(1),
is related to the dimensionful bare coupling gy by

gr() = 1 “Zy(gr)go, (5.1)
with
;07
g Z1

We define the beta function in d dimensions, 3(gz) to be a function of the renormalized
coupling, such that

Blar) = %gm» (5:2)
From eq.(5.1) this gives
Blan) = —eon-+ 4TI g (53

3 is finite as € — 0, so by comparing powers of € (the coefficient of €) we must have

B = _EgR+Ba (54)

where £ is the value of 3 in four dimensions.

Using the fact that in the MS scheme, Z, contains only poles at € = 0, (at n'* order it will
contain poles up to order n) so it can be written as

n 2n
Z, = 1+ XY a %
n k=1

and substituting eq.(5.4) into the RHS of eq.(5.3)

2 0Z,(9r) + BaZg@R)gR

Zg(gR)B = —€Jr 8gR agR
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Comparing coefficients of €* we get
B = =295 nalgy (5.5)

i.e. in any order of perturbation theory the g-function may be obtained from (minus 2x)
the simple pole part of the coupling constant renormalization factor, Z,.

[ has a perturbative expansion

Blgr) = gn|o-TE 4 g, (I L
dr) = 9Rr 0167r2 1 1672

Suppose that in a different renormalization scheme

g

1672

Jr = gr+ A

/2

IR 9i ’
/ / . / / /

- S\ 2
IR 9r
— + + 34 4o
9r | Bo - (B1+3 50)(167T2>

2
. / dr dr .
= 9r |Bo 1672 + 5 <167r2> + ] (5.6)

We see here that the first two terms in the [-function are renormalization prescription
independent - so we may use the MS scheme for convenience (this statement is not true
beyond the first two terms in the expansion.)

In the case of QED (g = e), we have Z; = Z, so that

Z, = \/Zs.

From eq.(4.19) we see that the simple pole part of Z3 is given at the one loop level by

4 e
31672
So we see that in this case [ is given by
4
D o (5.7

the sum and factor % arising from the fact that for the QED calculation we considered the
electron as the only charged particle. In reality all charged particles, 7, contribute to the
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higher order corrections to the photon propagator with a coupling proportional to the square
of their electric charge, Q;.

The fact that £y is positive means that at least for small values of the coupling, (5 itself is
positive and this means that as the renormalization scale increases, the renormalized coupling
constant also rises.

Whether the renormalized coupling continues to increase indefinitely or stops at some “ul-
traviolet fixed point” depends on whether the higher order contributions to 3 are such that
it remains positive for all values of the coupling (curve(1)) , or whether it acquires negative
contributions in higher orders such that it decreases again and crosses the axis at a value of
gr equal to that fixed point (curve(2)). In the second case, once the fixed point has been
reached, 5 = 0, so that the renormalized coupling ceases to change as p is further increased.

For non-Abelian gauge theories, the calculation of 5y is more involved. Here we do not have
7y = Zy. Furthermore there are extra Feynman graphs for the vertex correction and the
gauge boson propagator correction which account for the self-interactions of the gauge bosons
(and where appropriate the Faddeev-Popov ghosts). The couplings carry colour factors, so
the contributions from each graph will be proportional to Casimir operators of the gauge
group in various different representations.

For an SU(N) gauge theory with n; copies of fermions transforming as the defining repre-
sentation of SU(N), By takes the value

11N — 2n;

Bo (5-8)

Provided the number of fermions is not too large this is negative. Theories with negative
values of 3y are called “asymptotically free” theories.
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dr

As p — 00, the renormalized coupling goes to zero. Non-Abelian gauge theories are the only
known examples of such asymptotically free gauge theories.

For such theories we may solve the differential equation
3 5

_ 9g9r(W) _ , g 9k
Blor) = Oln(u) fo 1672 + B (1672)2 *
It is usually more convenient to work in terms of
2
— 9r
arp = 471"
for which the differential equation becomes
0 ar(p? a? o
Ri(’lg) — BO_R + 61_R2
0 In(p?) A7 (4)

We have truncated the series at the two-loop level. This is a first order differential equation
with a constant of integration, which is usually expressed in terms of the value of the renor-
malized coupling, «g, at some reference scale pg - the renormalization prescription must be
specified. T The solution of the differential equation, accurate to the order of the truncation
" () - (5.9)
aplU = B} .
1+ (32160] = i) n (22)]

This expression is valid provided pyq is sufficiently large that ag < 1 and p > py.

An older way of writing the solution is to introduce a scale Agep (which is again renormal-
ization prescription invariant) and expressing the renormalized coupling as

9 4m

" TG (o))

These two expressions are equivalent (up to corrections of order o) provided we identify

47

ao = 2 2
1 B 1
501 () + 2 (1n (gt ) )

"Nowadays the most popular reference scale is the mass of the Z—boson and the M S prescription is used
- L.e. the renormalized coupling is expressed in terms of agz5(M3).
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If we consider a Green function whose invariant square momenta are of order ¢?> and we
subtract the ultraviolet infinities at p2, we are always left with corrections which are pro-
portional to In (¢?/u?) in the renormalized Green functions. If ¢ < p? or ¢* > u? these
logarithms can become large and give large coefficients of the renormalized coupling, ag(u?)
so that |ap(u?)In(¢?/p?)| ~ 1 and this may spoil the convergence of the perturbation
expansion. It is therefore convenient to choose u? ~ ¢2, i.e. we choose a subtraction scale
to be of the order of the typical energy of the process under consideration. This way we
obtain a perturbative expansion in the “effective coupling”, ag(q?), with no large logarithms.
For asymptotically free theories the effective coupling decrease as the energy scale increases.
Strong interactions are believed to be described by such a theory (QCD), so that the inter-
actions actually become sufficiently small at large energies for a perturbation expansion to

be valid.

In general, spontaneously broken gauge theories are not asymptotically free. This is not
because the S-function for the gauge coupling is positive at small couplings (the S-function
acquires a small positive contribution from the interaction of the gauge-bosons with the
Higgs scalar fields, but unless there are a very large number of fermions or scalar fields [
remains negative), but rather because the S-function for the self-interaction of the Higgs
scalar field is positive, so the ¢* coupling grows as pu increases and this increasing scalar
coupling feeds into the other couplings at higher orders.

Thresholds
When calculating the effective coupling, ar(¢?), we include in the number of fermion multi-
plets, ng, only the fermions whose masses are less than \/¢?. This is because the derivative
w.r.t. In(¢?) of the contribution to the gauge-boson propagator from a graph with a massive
fermion loop

m
TR m@m ~ ¢/m? (¢ < m?)
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On the other hand the contribution it clearly reaches its full value, if ¢> > m? Thus a
fermion only contributes to the ¢? development of the effective coupling for ¢> > m?. The
exact threshold can be calculated from the finite part of the Feynman graph, but a good
approximation for the threshold is ¢> = 4m?, which is the energy threshold at which a
gauge-boson can produce a quark-antiquark pair of mass m.

5.2 Callan-Symanzik equation

Consider an n-point 1-particle-irreducible Green function, which depends on external mo-
menta p; and masses m;, the coupling g, and, in general, the gauge parameter §, and possibly
an ultraviolet cut-off A. The renormalized green function is independent of the ultraviolet
cutoff A, but depends explicitly on the subtraction scale .

Lo(p1 -+ Pr—1, 9o, Mo, {0, A H Z; 1/2 P15, 9r(1), mr(p), §r(p), 1) (5.10)

The renormalized quantities, ggr, mg, g depend on the subtraction scale p as does the
wavefunction renormalization constant Z;, for each external particle.

However, the LHS of eq.(5.10) is independent of p, and this leads to a first-order (par-
tial) differential equation for the renormalized Green function, ' (the “Callan-Symanzik
equation”),

0 r Ol'r ol'r

m R+Ba R-|—'rnRg’Vm]a +€RV€W‘2@3%FR = 0, (5.11)
where
1 Omgy,
T g, 0 n(p)
_ 1 9&
T Ero ()
and
1 07
VT 97,0 mp)

v; are called the “anomalous dimensions” of the field corresponding to particle i.
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If we are in a high-energy region of momentum-space in which the masses may be neglected
we may neglect the terms involving

0lg
0ij'

Such a region is the “deep-Euclidean region” in which all the external square momenta and
scalar products between momenta are negative (space-like) and large compared with all the
masses, (p; < 0 and [pf], |p; - pr > m3).

In this region we may write p; = py;, where y; are dimensionless vectors and p sets the scale
for the momenta. We can write the renormalized Green function as

2
FR(pl *tDn—1, gR7 §R7 IU/) = deR <y1 e ynfla 9R7 £R7 %) )

where d is the naive (“engineering”) dimension of the Green function (obtained from simple
power counting). Gr depends explicitly on u?, through the dimensionless ratio y?/p?. This
gives us the Callan-Symanzik equation for the p dependence of the renormalized Green-

function 5 5

We restrict ourselves to gauge invariant quantities, so that we may now discard the terms
involving the derivative w.r.t. £&. Gr now obeys the equation

0 0
(a () T ORI g+ ;%‘(QR(N))> T = 0. (5.13)

B and 7; depend on p through their dependence on gg(n). Using the relation between the
explicit p dependence and the p dependence (eq.(5.12)), we get

9 0
(al—np ~Blanlp)g oy —d+ ;w(%(@)) T =0, (5.14)

where gr(p) is the value for the renormalized coupling at p? = u? ( the effective coupling).

The solution to eq.(5.14) is

- r(P) — > v (g ,
Cr(pr- - po-1,9r(p), 1) = deR(y1---yn_l,gR(p),l)eXp{Lg(M? %)(g)dg}- (5.15)

Cr(yr - Yn_1,9r(p),1) is T'g at p> = u2, calculated in an ordinary perturbation expansion
in gr(p). For asymptotically free theories gr(p) — 0 as p — oo. This then tells us something
about the high energy behaviour of Euclidean Green functions.

Using perturbative expansions

/3 15

g
bo+ gy

g
1672

8y = Bt

99



and
12 14

9
2720 + (16

. ! —

The power series for Lr(y1 - - Yn_1, gr(12), 1) may be written as
2

[ g
F(I]?(ylu"'ynfl) 1+C<y1, “Yn— 1)16R2 +1 .

We can use this to determine the behaviour of the renormalized Green function under a
change of the momentum scale from p to p’. To leading order (in terms of ap = g%/ (47))
we have

d 12\\ ~ 2 vi0/(25o)
P’ ag(p i
Lr(py, Poon 9r(1), 1) = Trlpr,- - pa1, gr(p), 1) <_> ( . )>

X [1 +0 (aR(p2) —ag(p'?)

] (5.16)

Calculation of the Anomalous Dimensions

In the M S scheme
Zo= 1Ty al

n k=1
In 4 — 2¢ dimensions
9d9r
) ln(,u) - /B(QR) €JdR,
so that (differentiating w.r.t In(u)
1 n ng?{nfl
Z@ Yi = 5 Z Z(Qn)ak B (ﬁ(gR) - EgR)
n k=1
Comparing coefficients of €°, we have
W= - X najg

We see that to any order in perturbation theory, the anomalous dimension is simply related
to the coefficient of the simple pole.

For a fermion interacting with a non-Abelian gauge-boson, we have to one loop order (in
Feynman gauge)
g R CF

Jo =
2 1672 €
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(Cp = (N*—1)/(2N) for an SU(N) theory). This gives

o
Yio = +4—RCF-
T

Likewise the next coefficient ~;; may be determined from the two-loop calculation of the
wavefunction renormalization Z,. Only the leading order term +;( is renormalization scheme
independent - the higher order terms are different in different renormaliztion schemes.

Deep Euclidean region Green functions are not physical, but there are a number of techniques
available for using the scale dependence of such Green functions to calculate the energy
dependence of physical processes.

The simplest example of this is the total cross-section in electron-positron annihilation. This
is usually expressed in terms of a ratio of the cross-section into hadrons to the pure QED
process in which the electron-positron pair annihilates into a muon pair

o(et e — hadrons)

= oleter — ptp™)

Unitarity and the Optical Theorem relate the total cross-section to the imaginary part of
the off-shell photon propagator

Here the shaded blob refers to the sum of all graphs with a quark loop plus gluon corrections.
A graph with a quark loop with quarks of mass m; has an imaginary part provided s > 4m?.
We can make an analytic continuation into negative (space-like) s and for such values of s
we are indeed in the Deep Euclidean region where the Callan-Symanzik equation is valid.
However, in this case the external line is the off-shell photon with square momentum s. Since
this is not a strongly interacting particle there is no QCD contribution to the anomalous
dimension. The solution to the Callan-Symanzik equation then greatly simplifies and we
have

(s, as(i), 1) = T{as(s),s = #2),
(cvs means the renormalized strong coupling)

To leading order, II is just given by the one-loop graph
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The contribution to the ratio R is just the sum of the squares of the electric charges Q?, of

2

all the quarks with masses below s, multiplied by a phase-space factor which accounts for
the non-zero quark masses.

R = > Qix [\/1—4%2 <1+2m§>],

i: 4m2<s

where the factor inside the square brackets is the phase-space factor.

In next order in perturbation (O(«ag) corrections) we have the graphs

(D O L

These are calculated at s = pu? with ag renormalized at u? = s. This gives

Ris) = Y @ 1+3CFO‘Z§TS>+~-~] x (1/1—47%2 <1+2m§>),

i 4m?<s

Deep inelastic electron proton scattering is another example of a process whose energy de-
pendence can be determined using the Callan-Symanzik equation.
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6 Infrared Divergences

We have already seen that some QED graphs have a divergence associated with the mass-
lessness of the photon. The divergence occurs at small values of the photon momentum k.
In a general graph there are infrared divergences when both ends of a photon are attached
to an external charged line.

The contribution to a transition probability or cross-section from such a correction is the
interference between the correction graph and the graph without the photon attached to the
external lines

(p—k) (p' — k) X

p D

The shaded blob stands for any other part of the graph, which could be simply a tree-level
or process or it may contain any number of loops of internal photons and fermions.

For small k& we neglect any powers of &k in the numerator (this is the “eikonal approximation”)
and similarly in the denominator of the fermion propagator we neglect & and write

(r—k2—m2)  2p-k

In Feynman gauge the numerator may be written (in the eikonal approximation)

— (—iey") (v - p' +m) B (y - p+m) (—iey,)

This is sandwiched between on-shell spinors, so that we can anti-commute ~ - p’ or v - p
through 7, and use the Dirac equation to reduce this to

4e?p - p'B,

where B represents the contribution from the shaded blob.

The infrared divergent part of this interference may therefore be written

1
k? +i€e)(2p - k —i€)(2p - k — ie)
We have reinstated the ie in the propagators from the time ordering operator. We do this

because we choose to perform the above integral by integrating first over the time component
ko of the loop momentum.

~ic?|Blsp - | <;l7:;4 : (6.1)
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We therefore rewrite eq.(6.1) as

dky d%k 1
(2r) (27)° (k% — K + i) (poko — P - K — i€) (pko — P/ - K — i¢)

—ie?2|B|%p - p’/ (6.2)

and integrate over kg by closing the contour in such a way as to pick up the pole at ky = |k]|.
This gives

p IK|2dkd( 1
(2m)32[k| ((polk| — p - k)(polk| — P’ - k)

This integral diverges at |k| — 0, so we cut off this lower limit at |k| = A\. We also impose
an upper limit £ above which the infrared approximation is no longer valid (this upper limit
is rather arbitrary but we are only interested here in the infrared divergences. We therefore
get for the infrared divergent part

E) / dcosf do 1 (6.3)

o / 2
. =
onl Vil n(}\ 2t (E —pcos)(E —p'cost)’

E.p and F',p' are the energies and magnitudes of 3-momenta of the external fermion lines
and

cos®) = cosacosf — sin asin 6 cos @,

where « is the angle between p and p’ (6 is the angle between k and p, whereas ¢’ is the
angle between k and p’).

These infrared divergences do not cancel within the process considered above. Whenever a
process occurs with electromagnetic corrections there is an experimental limit to the accuracy
with which the initial and final state energies can be measured. This means that there will
always be some energy loss in emitted photons (Bremsstrahlung). What is actually observed
is the sum of the elastic process (no emitted photons) and the process in which a small
quantity of energy up to the energy resolution, AFE, is lost in photon emission. Keeping
track of orders of the electromagnetic coupling, we see that a one-loop correction to a tree-
level process with no emitted photons is of the same order as the tree-level process involving
a single emitted photon. This generalizes to the statement that the a™ correction to a tree-
level process consists of the sum of all the process with n — r virtual loops and r emitted
photons.

The emission of a (real) photon from an external charged line also introduces an infrared
divergences as the energy of the emitted photon goes to zero. It is this infrared divergence

that cancels the infrared divergence associated with the virtual correction.

Consider the interference between the graphs for the above process in which the photon is
emitted from different charge lines
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(p—k) X W' =h)
I k
p P p P

Again, using the eikonal approximation for the numerator (in this case we have exactly
k? = 0 since the emitted photon is on-shell - this means that the denominators of the
internal fermion lines are 2p - k and 2p’ - k respectively), the infrared part of this process is

&k 1
2m)32[k| (2p - k)(2p' - k)’

I8P | (6.4)
We have performed a summation over the polarization of the emitted fermion (which gives
a factor —g,,, being the counterpart of the Feynman gauge propagator in the virtual cor-
rection). The integral over k is the integral over the phase-space of the emitted photon. We
note that this integral also has a divergence as |k| — 0 with the opposite sign from that of
the virtual correction. Again we cut this lower limit off at |k| = A. We take the upper limit
of the integration over k to be the energy resolution, AE. This interference then contributes
an infrared divergent part

Qo
2T

AE)/dCOS@dgf) 1

1 ( . .
PP Ty 2r (E —pcosh)(E' — p'cos @) (6:5)

If we sum the contributions from eqs.(6.3) and (6.5) we see that the dependence on the
infrared cut-off A cancels and we are left with

a ’1n< E >/dcos€d<b 1 (6.6)
ol P AFE 21 (E —pcos)(E —p cost)’ '

to which we must add the contributions from the hard (virtual and real) photons that we
have neglected in the eikonal approximation.

There are other infrared divergent graphs, such as the fermion self-energy insertions, which

give rise to an infrared divergence when on-shell renormalization is performed ( Z is infrared
divergent).
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This gives an infrared divergent contribution

n(3)
7Tn A

which cancels the infrared divergent part of the square of the graph

/

p D

This graph squared gives a contribution

&2|B2m / d*k
2792|k] (2k - p)

This also has an infrared divergence as |k| — 0.

The complete soft photon (i.e. small k) contribution to the sum of the two processes is

FE
~|BPEKIn (AE) (6.7)

where . ,
K = b D (6.8)

A7 (E — peos)(E' — p'cos )

It can be shown that this cancellation of infrared divergences between the elastic (only
virtual photon corrections) part and the inelastic part (one or more real photon emissions
with total energy less than AF) persists to all orders in perturbation theory. In fact, the
infrared divergences can be shown to exponentiate so that for the elastic cross section the
sum to all orders of the infrared divergent part is

|B|? exp {—glCln (5)}
7 A

and for the elastic amplitude plus any number of real photons with total energy up to AE

we have 5 AE
|B|Qexp{—glCln (—)}exp {+ lCln< >}
T A A

So that the soft photon parts of the complete inelastic cross-section is proportional to

AE al/m
(%)

Since K is positive, we see that this vanishes as AE — 0, meaning that the probability of a
purely elastic process with no energy loss into emitted photons is zero.
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6.1 Dimensional Regularization of Infrared Divergences

The method of dimensional regularization can also be used to regularize infrared divergences.
After the integration over the energy component kg in the case of virtual corrections we have
an integral over the d — 1 space-like components of the photon momentum d?'k. Likewise
the integral over the phase space of the emitted photon for the bremsstrahlung process is
carried out in d — 1 = 3 — 2¢ dimensions.

d3 2ek 1 e ) 1o -
/ Qe gt (2ot / (sin 6)'~*dO|k[*~*d[k|, (6.9)

where we have integrated over all but one of the polar angles.

For real photon emission with photon energy up to AFE we have the phase-space integral

) d3 Qek m2 m2 B p- p/
¢ [ g (@p e o) OO

The last term is handled using the Feynman parametrization trick, so we integrate over the
Feynman parameter v and define the momentum

ph = pla+pH(1l - a).

The expression (6.10) becomes

d3 Qek m2 m2 p p
2 _
[ zﬂ%mm< SRR Q/Mknﬁ> (6:1)

Using eq.(6.9) this is

_g € _ 2 1€ AE —1—2€/_: 1—2¢ m2
 (4m)T(1-2¢)|B] 4/0 k|1~ (sin ) d\k|de<(k_p)2 / P k .
(6.12)

The term |

¥ /(sin o)y (E —pcosf)?

is a hypergeometric function whose expansion about € = 0 is

2 E E—p

" l—e—In|—=| +0(2)].

(B2 =p?) l p <E+P> ( )1

The integral over |k| gives a pole at € = 0. This pole signals the infrared divergence. When
dimensional regularization is used to regularize infrared divergences we must think of this as

performing the integral initially in more than four dimensions (negative €) for which there is
no infrared divergence and then performing an analytic continuation to four dimensions.

The expression (6.12) gives a pole term

%m - 26)|B|2(4W)G<A2E€>_6 l4 _dp. pf/ol %1 (6.13)

_pa
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and a finite term

E4+p\ E (E+)p Eo + pa

LB Em () + 2 — 9 /d Lo 1
st [T (555) - () 2t [ oo e (B
6

|

(6.14)
Expanding the term
(AE)™
2€
in the pole part gives the In(AFE) dependence found previously.
Now compare this with the virtual correction term. The soft photon contribution is
dk 1 4m? 4m? 8p-p
2
—ie?|B / - 6.15
€|l dk@[ o ke k| O

The first two terms in square parenthesis coming from the self-energy insertions after per-
forming on-shell wavefunction renormalization and the third term from the correction term
in which the virtual photon connects the two external fermions. We have used the eikonal
approximation in the numerator, but kept the denominators exact.

Using Feynman parametrization this becomes

d’k 1 4m? 1 4m?
SCIPZ
~ie? B [ | [ 2ad | 2ad
ie’|B| (27T)d[0 “ a(k2—2p-ka)3+ 0o~ a(k2—2p’~koz)3

- [ dadgo(1 ~ o - ) s 2;?@9’5; W))"’] (6.16)

Shifting the momentum k as appropriate this gives

dk 1 m? 16p - p’
212 _mw o
ie”| B /(277)d [/0 16ada(k —pey /dadﬁ@ (1—a—-p) = 5 3]

Performing the integration over k gives

0(1 —a—pf)
((pa ""p/B) )H—e

F(1+e)(47r) \B\Ql / 8a~'"*da — 8p - p/ dadp 1 (6.18)

47

The double nested integral over v and [ is performed by making the change of variables
a = pw
B=pl-w)
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In the first term we change variable a — p, to get

« 19 e 1
4ET(1+6)(47T)6|B|2/p =2, | (m?) —p-p'/dw | (6.19)
((pw + P (1 = w))?)
Integrating over p we are left with
@ s 2\ —e / 1
4201+ &) (4m) B2 | (m?) —p-p/dw - (6.20)
4 2e

We see that the pole term in this expression cancels against the pole term for the real
emission. The infrared finite term is obtained by expanding up to order €°

6.2 Collinear Divergences

The expressions (6.13) and (6.20) for the pole parts of the real emission and virtual correc-
tions respectively contain a factor

/ldw ! 5
0 (pw+p(l-w))

For p - p' > m? this integral is approximately
7 (5)
In ,
p-y m?

A study of such divergences gives information about the behaviour of processes as the mo-
mentum scale increases (the high energy limit, p-p’ > m?) of QED. For non-Abelian gauge
theories such as QCD we have to deal with interacting particles that are strictly massless. In
such cases there is a further “collinear” divergence which occurs even if the emitted photon
(or gluon) does not carry small momentum, but when it is emitted parallel to the parent
particle.

and diverges as m — 0.

In the case of real photon emission, the double divergence we get when the electron mass is
neglected arises from the term in the phase-space integral (in 3+1 dimensions)

t/dmuQ 1
(2m)32|k| (E — pcos@)(E" — p/ cos )

We see that not only is there a divergence as |k| — 0 but for massless particles for which
E =p and E' = p' there is a divergence at angles § = 0 and ¢’ = 0. These are the collinear
divergences.
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These collinear divergences can also conveniently be treated using dimensional regulariza-
tion. For, example the term under consideration from the expression (6.18) for the virtual

correction is
(4m)T(1 +e) 5 dw

1
/
2¢ pep /0 (pw +p'(1 — w))HE

o
—|B|?
5|8l

If p? = p'2 = 0 this is

a o (4m) \"T(1+¢) s dw
%|B| <2p-p’> 2¢ /0 (w(l —w))*

The integral over w may now be performed

L 1. Ciee . IP(=9) . 2T%(1—¢)
/0 dow (1 =w)" = 55 T TTa -2

We therefore get
a

BI>’=
| 2\p-p (1 — 2¢)

1 (47 \'T(1+eT?(1 —¢)
2 €
The double pole indicates that we have both a soft photon and a collinear photon divergence.
There is a similar double pole term from the real photon emission, such that the double pole
cancels. However, the single pole will not cancel in the case of a massless electron. The can-
cellation between real emission and virtual corrections refers to the soft photon divergences
but not in general to the collinear divergences. Indeed, for the collinear divergences the
eikonal approximation which has been used to extract the numerators of the various graphs
is not valid, so we expect more collinear divergent terms than those we have considered here.

The cancellation of both infrared and collinear divergences in massless QED or non-Abelian
gauge theories with massless self-interacting particles is far more restrictive. In the case
of (massive) QED the cancellation of infrared divergence occurs provided we sum over all
processes involving final states that give rise to infrared divergences. For massless interacting
particles this means not only summing over processes in which soft massless particles are
emitted, but also over states in which hard massless particles are emitted (nearly) parallel
to their parent particles. For example we need to sum over processes in which a massless
outgoing particle is replaced by a jet of nearly parallel outgoing massless particles.

Unfortunately, this is not sufficient. Kinoshita, Lee & Nauenberg showed that in order to
guarantee the cancellation of both soft and collinear divergences we must sum over processes
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involving all possible initial states which can give rise to soft or collinear divergences. For
example we need to sum over processes in which an incoming massless particle is replaced
by an incoming jet of nearly parallel massless particles.

For the summation over final states, this is not really a problem, since one cannot distinguish
experimentally between a single particle and a sufficiently narrow jet of particles any more
than one can detect soft photon (or gluon) radiation which takes off energy less than the
energy resolution of the experiment.

The requirement that one sums over incoming jets in order to cancel the collinear divergences
is more problematic. What this means is that if we calculate in perturbation theory the QCD
process of quark-quark (or quark-gluon, or gluon-gluon) scattering, we will not get a finite
result even when summing over all possible final states. On the other hand, it is important to
note that in practice one cannot prepare an initial state which consists of free quarks and/or
gluons. The initial states are hadrons which contain quarks and gluons. The remaining
divergence arising from the calculation of a process with initial quarks and/or gluons is
absorbed into the (momentum scale dependence) of the parton “distribution function”, i.e.
the probability that a parent hadron contains a parton with a given flavour and momentum
fraction.

One case in which we do not need to worry about summing over initial states is the case
of electron-positron annihilation. Here the initial state consists of particles which do not
have strong interactions and so there are no other initial states that are connected by strong
interactions to the initial electron-positron state.

For example, in perturbative QCD to order ay, the Kinoshita-Lee-Nauenberg theorem tells
us that the soft and collinear divergences which arise in the one gluon exchange virtual
correction to the cross-section for a quark-antiqark pair

cancels against corresponding divergences in the tree-level process for the production of a
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quark-antiquark pair plus a single gluon

provided we integrate over all phase space for the final state gluon.

At order o the cancellation is between the two-loop correction to the quark-antiquark
production process, the one-loop correction to the quark-antiquark-gluon production process,
and the tree-level quark-antiquark-gluon-gluon production process.

It is not necessary to integrate over the whole of the phase space of the final state particles.
Some differential cross-sections are also infrared finite. In such cases we would be able to
calculate the differential decay rate into a state in which the final state particles had a
particular variable ¢ set equal to a value T. This variable ¢ would be a function of the
momenta of the final state particles which would depend on how many particles there were
in the final state. For n final state particles we would require

If do™ (py - - - pp) is the differential cross-section for an electron-positron pair to decay into n
particles with momenta (p; - - - p,) (which will in general contain soft and collinear divergences
from the virtual corrections), then the total cross-section with respect to the variable T is
obtained by inserting a —function inside the phase space integral for each of the processes.

3—; = Y do™ (pr- - pa)d(t(pr- - pn) — T)A{P.S.}", (6.21)

where d{ P.S.}" means n-particle phase space integration. Each term in the sum of eq.(6.21)
contains infrared divergences, but the sum will be finite provided ¢ is what is known as an
“infrared-safe” quantity. At order ag the sum over n with be the two and three particles
final states, whereas at order a% we would also need the four-particle final state.

For t to be an infrared safe quantity we require that that n-particle function becomes equal
to the corresponding n — 1-particle expression if any two final state particles become parallel
or if any final stae particle becomes soft, i.e. for any pair of particles 7, j we must have

pit+p;)?—0
)

ta(pr---DiDj - Dn tno1(pr--- (i +pj) - pn)-
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7 Unitarity, Causality and Analyticity

The propagator for a scalar particle can be written in terms of a “dispersion relation”
sometimes called the “Kallén-Lehmann representation”

d4.’17 iq-T s p<02)d02
(27r)4€ (0|Tp(0)p(x)[0) = i F— ol tic

—iAp(q®) = / (7.1)

Taking the imaginary part we have
Sm {AF /p 5(¢* — o®)do® = p(d%).

The interpretation of the “spectral function” p(q®) is that it is the probability for a one
particle state with square momentum ¢* to decay into all possible (energetically allowed)

final states
p(o?) = (2n) 254 )[{0](0)|n)[?,

where p,, is the total momentum of the particles in the state |n) (this is seen by inserting a
complete set of states >, |n)(n| between the fields in (7.1)).

The vacuum expectation value of the commutator of two fields may also be related to this
spectral function

Alw) = (01[6(0),¢@)]10) = S (0le(0)|n)[? (e — etirer)

427)° 308 (o — )] (016(0) ) * (e — e*irn)

qda’p(c?®)d(a? — ¢?) (e_iq'x — e”q'x) (7.2)

Performing the integration over the energy component ¢y this becomes

_i/d02p<02)/ dsq ez’q-xSin< q2+02>t)
@Vt

The integral over q can be performed and a result given in terms of Bessel functions, which
can be shown to vanish if |x| > ¢. Actually we can see by inspection that for ¢ = 0 this
integral vanishes for any non-zero |x| and so by Lorentz invariance it must always vanish if
the four-vector z is space-like. This result is expected from causality - it tells us that the
commutator of two fields vanishes if the arguments of the fields are separated by a space-like
quantity.

The above argument can be inverted to show that causality implies that the propagator is
analytic in the upper half of the plane in ¢* (this explains the sign of the ie term in the
denominator of eq.(7.1)).

73



The argument can be extended to show that causality implies that all scattering amplitudes
are analytic in the upper half complex plane for all dynamical variables.

Unitarity further implies that scattering amplitudes are analytic in a plane which is cut
along the real axis.

Define the T-matrix from the S-matrix by
Sav = {toutlbin) = Oap + i Tan(27) 6" (pa — 11)
then the unitarity of the S-matrix, SST = 1 gives
Tab = Toa = ) _(21)*6* (P — Pu) Tan T, (7.3)

The sum over n means that for each possible final state ¢, consisting of a certain set of
final state particles, we must integrate over the whole of the available phase-space. Putting
a = b we have an expression for the imaginary part of the forward amplitude, known as the
“optical theorem”

Sm (T} — %/}jn;ﬁHPS} (7.4)

The RHS is proportional to the total probability for the state |a) to propagate into some
other state |c). If |a) is a two-body state with masses m; and my then

SmA{Toa} = ANV2(s,m2,m3) oyd(s) (7.5)
where

Mz,y,2) = 2® +y*+ 22 — 22y — 222 — 2y

As an example we consider the forward scattering of two massless scalar particles (¢) theory
interacting via a cubic interaction, %gngXQ with a massive scalar field ().

The forward scattering amplitude is calculated from the graph

k+ po

pr -7 k—p y4!

(the solid line represents the x particles which have mass m and the dashed lines the massless
external particles).

The contribution from this graph ( to the 7-matrix) is

_Z,4/ d*k 1
T ] )t (R —m2 +ie)2((p1 — k)2 — m2 + ie)((pz + k)2 — m? + ic)
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Feynman parametrizing gives

o4 [ d'k d(l—a—pB—7v-19)
169 / (2m)4 /dadﬁdwdé(l@ —m? =2k - (pra — paf) + 1e)?

Shift k — k + pia — po8 and make use of the relations p? = p2 =0, p; - py = 5/2

, d*k ! (l—a—B—v-90)
!
169 / (27r)4/0 dad B a0 T saB + ie)

Now integrate over k to give

4
g / d(l-—a-B-7-19)
—— [ dadpdvdd
1672 ) Py (m? — saf — ie)?
Integrating over ¢ and then over g this gives
4 1 0(1 —a— 1 1
g / (l1-—a—9)
dad — 7.6
1672 Jo “*7 sa [mQ—sa(l—a—fy)—ie m? — ie (7.6)

The second term in square parenthesis has no imaginary part. The imaginary part of the
first term is

4

g 1
(167) dadwaé(mQ —sa(l—a—7)0(1 —a—7)
 rldpd
g pdw
= for " 00m? = swp(1 ~ )
4 2
g 4m
- 1- .
167 s m? s (7.7)

This imaginary part only exists if s > 4m?, which is the physical threshold for the production
of two x— particles in the intermediate state. Note that the maximum value of wp(1 — p) is

i, and that /1 — 4m?2/s is the range in p over which we can pick up a zero of the §—function
when integrating over w.

Now we compare this with the cross-section for the process:

P+ —>XxX+X

The tree-level amplitude for this process is obtained from the Feynman graph
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b2 ] T D4

b -~ D3

The amplitude from this graph is

g2

t—m?) (t = (p1 —p3)?)

From this we get the total cross-section to be the phase-space integral
2

1 d’ps _ d'ps 2 2 Y : 454
g 2)\1/2(8, O, 0) / (271_)3 2E3 (27T)4< W)(S(p4 ) (t — m2 ( 7T) 4 (pl +p2—D3 p4)

We carry out the phase space integral in the C.M. frame of p; and ps, for which

- (F00d)

2 2
(VB
P2 = <2 70707 D)
(Vs Vs—4m?sinfcos¢ s —4m2sinfsing s —4m?cosd
bs = 9’ 9 ) 9 ) 9
(Vs Vs—4m?sinfcosdp Vs —4m2sinfsing /s —4m?2cosd
Py = 9 ) 2 ) 9 ) 9
(2m2 — 5+ +/svV's — 4m? cos 9)
t =

2
d’p = (QW)ZdEgdCOSG

The integral over Fj is used to absorb the §-function 6(p3 — m?) and we have finally

1 gt VsV's — 4m?
o = 1/27—2/ dcosf 5
A2(s,0,0) 8/ (s — /sV's — 4m? cos 9)
1 gt 4m?
= 1——. 7.8
A/2(s,0,0) 16msm? s (7.8)

Comparing this expression with (7.7) we see that we get agreement with the unitarity con-

dition, (7.5).
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7.1 Analytic Structure of scattering amplitudes

In general, we expect a scattering amplitude to be a real analytic function of its dynamical
variables (e.g. s and t) except for cuts along the real axis corresponding to a physical region.
A real analytic function f(z) of a complex variable z, obeys the relation

f(z) = f7(z"),

which implies
f(2) = 1(2) = f(2) = f(2").

Thus the imaginary part of the forward scattering amplitude is one half the discontinuity
across the cut in the complex s-plane, i.e.

2iISmA{F(s,t =0)} = F(s+1i¢€0)— F(s—ie0),

and by the optical theorem this can be deduced from the total cross-section.

b

S0

If s is below the threshold for the production of intermediate state particles, sg, the imaginary
part vanishes which implies that the discontinuity vanishes. This means that the cut along
the real axis starts at the physical threshold, sy, which then becomes a branch point. Further
cuts open at higher values of s as more and more physical states become energetically allowed.
At each such threshold there will be a branch-point singularity.

For a general Feynman graph (for any number of loops) the amplitude, after integrating
out the loop momenta, is a function of the momentum invariants, the masses, and a set of
Feynman parameters.

1
A ~ /dOél tet dan5(1 - Z ai) (J({al}, {pj . pk}, {ml2}) + i€

At some points in the space of Feynman parameters, ; = o, the function J will vanish. We
can usually use the ie prescription to integrate through such singularities in the integrand.
The exceptions are if the J is also at a turning point at the point where it vanishes, or
any of the the Feynman parameters are at the end-points of the range of integration. At
such points the contribution to the amplitude from the Feynman graph has a (branch-point)
singularity.
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The conditions for a branch point are therefore

_ _ 0
J =0, oy =0

=0, ora) =0, or oraf=1-> a.
% i#i

either

Examples:

1. Scalar propagator in cubic interaction theory:
We will allow the internal particles to have arbitrary masses m; and ms

(k—p)

The finite part of the self-energy is

92
(1672)

1
/ daln (mfa +m3(1 —a) — p*a(l — a)) .
0

This gives an imaginary part if the argument of the logarithm becomes negative. The
minimum value of p? for which this can happen is when

J =mia+mi(l—a)—p’a(l—a) = 0

and 97
= =mi—m;—p’(1-2a)=0 ora=0 ora=1
156
The solution to this is
2 _ 2 _ M2
P —<m1+m2> ’ <Oé m1+m2)

This is the threshold for the production of two particles with masses m; and ms in the
intermediate state.

There is also a solution

9 9 B mo )
= (my — my)~, o=,
b ( ! 2) ( mi + Mo

but this (“pseudo-threshold”) is outside the range of integration of o and so we discard
it.

78



2. The one-loop amplitude for the scattering of four massless scalar particles
(¢) which interact via a cubic interaction term $g¢x?
We have previously looked at the forward amplitude - we now consider the amplitude
for a general square momentum transfer ¢t = (p; — ps3)>.

D2 m 2!

After Feynman parametrization, shifting the loop momentum and integrating over k
the amplitude form this graph is

0(1—a—pB~-1)
(sa(l—a—f =) +tBy —m? 4+ ie)?

gt
6D /O dadBdy

(we have performed the integral over the Feynman parameter § absorbing the §-
function). The threshold is at the values of a, /3, v that obey the relations

J=sa(l—a—pB—7)+thy—m?>=0

and
aJ
— =s(1-8—-v—-2a)=0, ora=0, ora=1——7
O
and 07
93 = —sa+ty=0, orf=0, orf=1—a—v
and 57
— = —sa+tBf=0, ory=0, ory=1-0F—a
o
This has a solution within the range of integration at
1 2
oz:é, B=v=0, s=4m*, t<0
or .
a=0, 62725, t=4m? s<0

The second solution is the physical threshold for the crossed (¢-channel) process.

7.2 Cutkosky Rules

The discontinuity across a cut in the variable s of any Feynman graph is written as
A(s +ie) — A(s — ie).
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Since by causality amplitudes are analytic in the upper-half plane we can define
S;;; = 5ab + 'L.(27T)454(pa - pb)%—g = ll_I)% <aout|bin>\s+ie-
and its Hermitian conjugate

S;b = 5ab - i<27r)454<pa - pb)ng = lg% <ain‘bout>\s—ie-

($5) = (8u):

The quantity lim, o (@, |bou:) would be calculated (following the steps of the LSZ reduction
formula) using the anti-time ordered product (7), rather than the time-ordered product in
the Green functions. For, example, for the two-point Green function of two scalar fields we

have
<O|T*¢(x)¢(0)|0> _ /(;iﬂ-(;eiq.x —1

q®> —m? — ie

This differs form the expression for the time-ordered product by an overall and the sign
of the ie prescription. The perturbative expansion for the anti-time ordered product also
introduces a minus sign for every interaction vertex. Collecting all the signs we find that 7,
is obtained from 7T_; by replacing ie everywhere by —ie. In other words

To = (Ti)
The unitarity of the S-matrix then gives us

ATy = Top = Top = 1D_(2m)"0"(pa — ) Ton Ty (7.9)

n

where A indicates the discontinuity across the cut . This is the generalization of the op-
tical theorem and it is valid away from the forward direction - for example it refers to the
discontinuity in the variable s for a fixed value of t away from zero.

Diagramatically the RHS of eq.(7.9) is interpreted as the sum of all cuts in the channel
whose discontinuity is being considered. The part of the diagram on the right of the cut
is calculated with the 7e replaced by —ie, the cut lines are placed on mass-shell and the
phase-space integral for the cut lines is performed (this is implied in the sum o).

For example, the s-channel discontinuity of the one-loop correction to the scattering of two
massless scalar particles which interact with massive scalar particles

DPe

pr Ps3 pr 7 ps ' Ps3
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The amplitude on the left of the cut is

T = g
an ((p1 — p5)? — m? +ie

The amplitude on the right of the cut is

g2

((ps — p5)? — m? —ie

nb

Multiplying these together and integrating over the phase-space for the intermediate particles
with momenta ps, pe we get for the discontinuity across the cut

dps s o oy dPo 0 (2m)*6*(ps +ps — p1 — p2) 9
| Gt = ) Gt = e S i

In higher order there are more cut graphs

N s N ’ N ’
N

S (T o (R v R s G

N s N

The first two graphs on the RHS are integrated over two-body phase-space and the last two
over three-body phase-space.

7.3 Dispersion Relations

X
J
_ -
P N
C . N
Ve AN
/ \
’ \
\
/ \
i - — - —
. C o—
\ .-
\ So !
\ /
\ /’
N 7/
N Ve
Sl -

If we consider the integral
jé F(s)
¢ (s—s +ie)’
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around the contour shown above, where F'(s) is some scattering amplitude (it can also be a
function of ¢ and other variables if there are more than two final-state particles), then given
that F'(s) is analytic inside the contour, the integral is by Cauchy’s theorem

271 F(s + ie).

If, furthermore, F'(s) goes to zero as |s| — oo then the contour integral is just the integral
over the discontinuity across the cut and is therefore equal to

22/ ds\sm{F )}

(s — s+ i€)

repeating this with € replaced by —e and taking th average, we get an expression for the real
part of the scattering amplitude i terms of an integral over the imaginary part.

Re {F(s) —/'d'dm{F ) S (7.10)

(s —#) (PV)

where “PV” indicates that the singulaity at s = s’ is handled using the Principle Value
prescription. This is called a “dispersion relation”.

If the above integral over s’ does not converge, it is necessary to introduce a subtraction and
we have a subtracted dispersion relation, which gives the real part in terms of the real part
at some subtraction point sg,

Jm{F( )}

(s—s)(sp— )

(Re {F(s)} — Re {F(sp)}) = —/ y (7.11)

(sp—5)

A simple example of this is the scalar propagator with equal internal masses m, in the limit
s> 4m?.

Calculating the one-loop graph we obtain the integral over the Feynman parameter, a as

167‘(‘2 / da ln m —sa(l — a)) (7.12)
The imaginary part is —7 times the range of a over which the argument of the logarithm is
negative, which gives

2 Am2

. (s — 4m?).
167 s

The real part is therefore given by

%6{2(8,7”2)} — 92 AOO d /—\/1_47’12/8,

1672 Jam? (s — )
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This integral diverges (it is the standard ultraviolet divergence) and so we need to subtract
the dispersion relation For convenience we choose the subtraction point to be the branch-
point s = 4m?, to obtain

2 0 1—4m?/s
Re {2(5, mz)} — Re {2(4m2,m2)} = (1g7r2) (s —4m?) 2 dS/(S _( s’)(4m2/— i/)

9 dm? (1+ (1—4m2/s))

T R (1— 4m2/s)

This result could also have been obtained by performing the integral over « in (7.12).

In the case of the forward scattering amplitude for the interacting scalars with equal internal
masses m (eq.(7.7)), the real part of the amplitude is given by the integral

4 2
g /OO d ’; 1— 4&
1672 m2 Jume ©° (s' —s)s’ s/

g : 4m21 1+44/1—4m?/s )
1672 s m? s 1— /1 —4m2/s B

. This could also have been obtained by performing the integral over o and «y in (7.6).
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8 Anomalies

Consider a theory with N massless fermions coupled to some gauge fields. The Lagrangian
density for the fermions is

L = iV " (D), V", (a,b=1---n)

This is invariant (in the absence of fermion masses) under the global group
SU(N)y @ SUN)4@U(1)y @ U(1)4

where under:

SU(N)y : U — Ty U P @T
SU(N) 4 : G I 2L
Uy : U — eV, U — Ue ™
U(1)4 : U — 70, T - Tt (8.1)

where T are the generators of SU(N).

[ Note that under an infinitesimal axial transformation ¥ — W + iwydW, which implies that
Ut — Wl — jwW¥i which in turn implies ¥ — W + iwW¥~°, using the anti-commutation
relation {7°,7°} = 0.]

By Noether’s theorem, each of these symmetries has associated with it a conserved current.
For example, the U(1) axial current

Jh = V' T,
obeys the relation

Ay = 0. (8.2)

However, if the current can couple to gauge fields, then this conservation law can be violated
at higher order.

Consider, for the case of QED, the triangle graph

i
! yHAyP

(k —p1) (k + p2)

b1 P2
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which calculates the matrix element

<O‘aﬂjZ|pl7 Vi p2, p)

where the state |p1,v; pa, p) means two photons with momenta p; and py respectively and
Lorentz indices v, p (to be contracted with the helicity polarization vectors of the photons).
Using

¢ =+
(We must add to this the graph in which the arrows on the fermion triangle flow in the
opposite direction).

We can write
"7 = =y (k=p)y’ =277 (k+pa), (8.3)
where in the second term the v* and 7° have been anti-commuted. Each of these terms gives

an expression in which one of the two fermion propagators in the triangle have been “killed”
so that we get two terms of the form

/ddkTr (Vv k- (k4 p2))
k2 (k + p2)?

and

/ddkTr(f’v (k=p1)7"y -k
kQ(/{? —p1)2

For the first of these these terms the trace gives a term proportional to

€vpor k0p2 T

However the integral over k gives a contribution proportional to ps, so this term vanishes.
This applies also to the second term, so it looks as though the contribution vanishes as
expected.

Unfortunately, this treatment is too glib. Since the integrals over k are ultraviolet diver-
gent, we need to consider carefully the question of regularization of terms involving 7°. in
dimensional regularization this requires care since the matrix 7% anti-commutes with the
other four y-matrices in four dimensions. Much work has been done on this problem. One
consistent procedure is to consider the integrals in more than four dimensions (e negative)
and to let 4° anti-commute with the first four y—matrices but commute with the remaining
—2¢ y-matrices. Once the numerator has been calculated using this prescription we may
analytically continue to positive € before performing the integral over k.

If we do this we note that (8.3) is not valid for the components of k outside the 4-dimensions
because 7° does not anticommute with the components of v* outside 4 dimensions and so
we get an extra term from the triangle graph

4¢62/ dk Tr((y- (k+p2)Vv-lv-(k—p)7" v k)
(2m)d k2(k — p1)%(k + po)? ’
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where [* represents the components of k* in the extra dimensions. This means that (- p, [-
P2, [V 17 all vanish and the trace gives

Al - K €5urpD] D5

Introducing Feynman parameters the contribution from the triangle is

4% oprl -k
—161626(,”7,)/—d/ 2dadBi(1 — a — B) PrPs .
(2m)2 Jo (k2 =2k - (1o — p23))

Shifting k — k + pra — po 3 gives
ddk 1 ol -k
—16¢e%m,)/—d/ 2dadff(l — a — §)—P1P2 ,
(2m)? Jo (k2 ~ (pra— pQﬁ)Z)

Now [ -k =% and

/ddk 12 2 d% k2 _ i o
(2m)d (k2 4+ A2)3 — dJ (2m)d (k2 + A2)3 3272 '

Thus the final result is (in terms of the fine-structure constant)

(6%
o.T
_Q;EUVTPPIPQ .

This is the coupling between the divergence of the U(1) axial current and two photons. We
may express this by stating that the divergence of the U(1) axial current is not zero as given
by eq.(8.2), but rather has an “anomaly”

. o oV 1T
Oufh = o-tavraF* ™. (8.4)

Noting that

FoV = §°AY — auAa’
and expanding the photon fields in terms of creation and annihilation operators, we see that
to leading order we have The RHS of eq.(8.4) has a matrix element

<0‘60m—pFUVFTp‘p17V; p27p> = 460V7’Pp(17p72—'

Adler and Bardeen demonstrated that there are no higher order corrections to this anomaly,
i.e. there is no correction to eq.(8.4) from graphs such as

b1 P2
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It is not only the U(1) axial current that has an anomalous divergence involving photons.
There is a non-zero divergence for all the diagonal elements of SU(N)4, so that more gen-
erally we have

;a o a oV 1T
a,ujA‘u = %(T )iiQ?EUVTpF F p’ (85)

where (T%) are the diagonal generators (Cartan sub-algebra) and @); is the electron charge
of the fermion of flavour .

In the case of the coupling of the divergence of the axial current to non-Abelian gauge fields
we also get an anomalous contribution from the graph

Ol

o

so that the anomalous divergence eq.(8.4) generalizes to the case of a non-abelian gauge
theories to

(8.6)

- Qs vpo
Oujhh = %TRe“ PPF - Fpo,

where Tg implies a sum over all the flavours of fermions to which the gauge bosons couple.

We can view this by assigning to the axial current an anomalous component

i (anom) Qs nvpo
A = %TRE BVPcﬂ

where B,,, us an anti-symmetric three-rank tensor known as a “Chern-Simons three-form”,

B

Vpo

2
= A[Vap . AO—] — ggA[y : Ap A AU}?
XY AZ means fu,. X*Y1Z¢).
(

This “Chern-Simons” form is not gauge invariant, but the gauge dependence is a total
derivative

0w (Buyp,) = oy (w ) FPO’])

This we see that we have an “anomaly”, i.e. a conservation law obeyed by the Lagrangian is
violated by the quantized theory. The quantized theory is expressed in terms of a partition
function (path integral)
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Z(M,7, ju) /D \Ilexp{i/d4x(£+j“A“+ﬁ\Il+@n)}.

Since £ is invariant under axial transformations, it must be the measure D[¥]D[¥] which
violates the invariance.

Let us parametrize D[] in terms of the eigenstates, 1,,, of iv*D,,, for some fixed gauge field,
A

s 1€

such that B
Vo= Y, a, = / 442, W

and similarly

|
I

S @y = [day,

The measure is now

D[¥Y] = II,.da,
D[V] = I, da;

n

Under an infinitesimal axial U(1) transformation
U — U+ iy’
Gy — Gy +iw/d4x@n75\ll = a, +iw2/d4xﬂnv5@/}mam

Likewise

@ = aytiwd [deh,n v,
This means that under the transformation D[¥]D[¥] acquires a factor
det(1 + 2wy®) =~ 1 + 2w try°.

Superficially try® = 0, but we have a sum over an infinite number of states and so what we

really mean by the trace is
JEED SRR

where we need to take into account the fact that
[d'e> .0,
n
is divergent.
We regulate this divergence by writing the trace as

i > e NP, = lim >, TP,
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Taking care of the commutation between D, and D, we have

1 ! y
7-Dy-D = D*+ - [1",7"][D,, D) = D* +igz [1",7"] Fpu

So the trace becomes
. - D2 —igoyHyYF Ly 5
lim En Ve’ tr {6 "y }wn

Expanding exp {—igdy*v"F ,, } 7°, the only term which has a non-zero trace is

5’ b o
—5927“7 YV F - F oy

and the trace (including the trace over flavours - or fermion multiplets) gives

_252€uup0' 92 TRFMV ’ FPU

For a free Dirac theory,

>0,
means
/ d4k —6k‘2 1
[ —=
(27 ) 167262

and this results also holds true for a Dirac field in the presence of a gauge field.

Piecing together, this means that the change in the partition function under an infinitesimal
axial U(1) transformation is

2
Sariat v Z(0) = L [ D[A,|D[W]D[T| TR F,, - F,, exp {z / d%ﬁ}, (8.7)

872

in agreement with eq.(8.6).

Although these anomalies mean that some of the original symmetries of the theory are
violated by the quantization procedure, they can have some constructive use.

An example is the explanation of the decay of a 7¥ into two photons. The 7° couples to the
third component of the divergence of the SU(2) axial current

8#]',?:1“ = fﬂ'm72r¢7T07

where ¢, is the pion field, and f, is the pion decay constant, and

it = (@7 u; — dy"y°d;)

i=1

DO —
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(the sum being over three colours). d, ji’l“ couples to two photons via the anomaly so we get
(see eq.(8.5))
1 2\? 1\?\ «
it = 3o- () - () e
A = e < 3 3) ) 2n°

This means that for a stationary pion decaying into two photons with momenta p; and po,
and polarization vectors €; and €, the decay matrix element is

E,ulxpopl 61]7262

2f7r

Squaring this and performing the integral over the two-photon phase-space we get the decay

rate to be

a’m?

r = T 763eV
643 2 c

This compares favourably with the experimental value of 7.7 + 0.6 eV.

On the other hand, these anomalies can be disastrous if the gauge theory itself is axial
or contains an axial component - such as the GWS model of weak and electromagnetic
interactions.

The problem here is that the gauge invariance itself is broken by the anomalies, and in
cases such as spontaneous symmetry breaking, gauge invariance is used to demonstrate
renormalizability. Thus, in general, the renormalizability of a chiral (or axial-vector) gauge
theory is spoilt unless the anomalies are arranged to cancel.

For an axial gauge theory, all the axial currents j4" acquire a non-zero divergence through
the anomalies. This divergence is given by

MjAa - Z dabc MVPUF;?Vchaa ) (88)

where for the fermion multiplet ¢

d9 — Ty (T“ T TC+TCTbT“)

abc

For a theory to be anomaly free, we need to ensure that

Z dabc 0.

For the GWS model, dabc # 0 only if two of a, b, c are SU(2) labels and are equal and the
third is a U(1). In this case the anomaly is proportional to the U(1) charge of the fermions
in the triangle. Thus the (gauged part of the) GWS model is anomaly free because the sum
of the U(1) charges of all the fermions in the model is zero. Care has to be taken when
extending this model, particularly if one wishes to extend the non-abelian sector beyond
SU(2) in which case the non-abelian sector by itself can produce an anomalous contribution
since th e d-matrices are in general non-zero.
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