
Relativistic fluid dynamics 
from formulation to simulation



From  
electromagnetism  

to  
(resistive)  

MHD



The “magnetic" Universe: 
explosions, mergers, jets, pulsars/magnetars, 
field configuration+evolution, and so on… 



Vector potential leads to Faraday (field-strength) 
tensor 

and the dynamical equations are obtained from 
the Lagrangian 

subject to the constraint (gauge invariance) 

Fab = ∇a Ab − ∇b Aa

LEM = −
1

4μ0
FabFab + jaAa

∇a ja = 0



We get 

while the anti-symmetry leads to 

Also, introduce the Lorentz force: 

So… this looks a bit “different”…  

Electric/magnetic fields depend on observer. 
Who measures what? 

∇bFab = μ0 ja

∇[cFab] = 0

∇bTba
fluid = − ∇bTba

EM = jbFba ≡ f a
L



In general, 

leads to 

and 

With the decomposition 

we have 

Fab = 2U[aEb] + ϵabcdUcBd = 2U[aEb] + ϵabdBd

Ea = − UbFba

Ba =
1
2

ϵacdFcd

ja = σUa + Ja , JaUa = 0

f a
L = σEa − ϵabdJbBd + Ua (JbBb)



t+dt

t

dt
u =



In the fluid frame, we have Maxwell’s equations 

⊥ab ∇bea − μ0σ = 2Waba

⊥ab
·eb − ϵabc ∇bbc + μ0Ja =

⊥ab ∇bba = − 2Waea

⊥ab
·bb + ϵabc ∇bec =

= (σab − ϖab −
2
3

θ ⊥ab ) eb + ϵabc
·ubbc

= (σab − ϖab −
2
3

θ ⊥ab ) bb − ϵabc
·ubec



For an inertial observer (= “special relativity”): 

⊥ab ∇bea − μ0σ =

⊥ab
·eb − ϵabc ∇bbc + μ0Ja =

⊥ab ∇bba =

⊥ab
·bb + ϵabc ∇bec =

= (σab − ϖab −
2
3

θ ⊥ab ) eb + ϵabc
·ubbc

= (σab − ϖab −
2
3

θ ⊥ab ) bb − ϵabc
·ubec

2Waba

−2Waea



For an inertial observer (tidying up): 

⊥ab ∇bea = μ0σ

⊥ab
·eb − ϵabc ∇bbc + μ0Ja = 0

⊥ab ∇bba = 0

⊥ab
·bb + ϵabc ∇bec = 0

MHD involves: 
- local charge neutrality  
- ignoring displacement current μ0Ja ≈ ϵabc ∇bbc

σ = 0 → ea ≈ 0



A slight as(l)ide: 
electromagnetism+multi-fluids=comfortable marriage 

ja = ∑
x

qxna
x → ∇a ja = 0

μ̄x
a = ( ∂Λ

∂na
x )

na
y

= μx
a + qxAa

LEM = −
1

4μ0
FabFab + Aa ∑

x

ja
x

nb
xω̄x

ba = 0 → nb
xωx

ba = nb
xqxFab = jb

xFab ≡ f x
a

f a
L = ∑

x

f a
x



t+dt

t

dt
u =



From the point of view of foliations… 

Fab = 2N[aEb] + ϵabcdNcBd = 2N[aEb] + ϵabdBd

ua = W(Na + va)

ea = − ubFba = W [Ea + Na( ̂vbEb)] + Wϵabd ̂vbBd

e∥ = − eaNa = W ( ̂vbEb)
e⊥

a = W (Ea + ϵabc ̂vbBc)
e⊥

a = 0 → Ea + ϵabc ̂vbBc = 0

(One of) the main assumption(s) of (ideal) MHD. 



According to the Eulerian observer, Maxwell’s 
equations take the form; 

DiEi = μ0 ̂σ

(∂t − ℒβ) Ei − ϵijkDj(αBk) + αμ0Ji = αKEi

DiBi = 0

(∂t − ℒβ) Bi + ϵijkDj(αEk) = αKBi

Impact of gauge on MHD assumptions? 

ja = ̂σNa + Ja



According to the Eulerian observer, Maxwell’s 
equations take the form; 

−ϵijkDj(αBk) + αμ0Ji =

DiEi = μ0 ̂σ

DiBi = 0

(∂t − ℒβ) Bi + ϵijkDj(αEk) = αKBi

Effective MHD charge density (Goldreich-Julian): 

ja = ̂σNa + Ja

(∂t − ℒβ) Ei αKEi

μ0 ̂σ = − Di (ϵijk ̂vjBk)



MHD is a “single-fluid” model. 
But we (still) need to keep track of individual Lorentz 
factors: 

To avoid this, assume the relative drift is slow 
enough that we can linearize the relations.  

Also helps make contact with the thermodynamics 
and the equation of state. 

(∂t − ℒβ) (γ1/2 ̂nx) + Di [γ1/2 ̂nx (α ̂vi
x − βi)] = 0

ua
x = γx (ua + va

x), uava
x = 0, γx = (1 − v2

x)−1/2

va
x ≈ W [δa

b + W2 ̂vb(Na + ̂va)]( ̂vb
x − ̂vb)



Is this a “useful” constraint? 

Note also that we get (future reference)

What about charge neutrality? 

σ = − uaja = W ( ̂σ − ̂vaJa)

Ja ≈ ̂σ ̂va − eWne( ̂va
e − ̂va)

̂ne = neWe ≈ neW (1 −
̂σ

eneW )

̂σ = ̂vaJa



Ja

X
Ja
1

X
Ja
2

X

Ja
3

Ja
4

X



Vi
e = α ̂vi

e − βi

ℱe
i ≈ − eneWe (Ei + ϵijk ̂vj

eBk) +
ℛ
ene

Ji

Still have two fluids (=expensive to evolve). 
Focus on electron momentum equation; 

(∂t + ℒVe) Se
i + Di ( α ̂μe

W2
e ) =

α
̂ne
ℱe

i

with 

Si
e ≈ μeW ( ̂vi −

1
eneW

Ji)



Ei + ϵijk ̂vj
eBk +

1
α

Di
αμe

W (1 +
̂σ

eneW ) = ηJi

Ei + ϵijk ̂vjBk = ηJi

Alternative: Current proportional to Lorentz force 
in fluid frame:

jb = η̄Fabub → η = 1/η̄

Ignore electron inertia and use linear drift to get 
Ohm’s law 

Drop chemical potential (“battery”) and Hall term, to 
be left with

η =
ℛ

e2n2
e



Some kind of summary 
  
In general relativity, MHD is more a (set of) 
assumption(s) than an approximation. 
Need to pay attention to these assumptions, 
especially if we are interested in the details. 
Charge neutrality provides an example (and 
leads to concerns about sub-grid features). 

In short: 

There is work to be done...


